1 



A characterization of hyperbolic rational maps 

CUI Guizhen and TAN Lei, February 2, 2008 
Abstract 

In the early 1980's Thurston gave a topological characterization of rational maps 
whose critical points have finite iterated orbits ( [ThilDHT] ): given a topological branched 
covering F of the two sphere with finite critical orbits, if F has no Thurston obstructions 
' then F possesses an invariant complex structure (up to isotopy), and is combinatorially 

equivalent to a rational map. 
O ' We extend this theory to the setting of rational maps with infinite critical orbits, 

, assuming a certain kind of hyperbolicity. Our study includes also holomorphic dynamical 

' systems that arise as coverings over disconnected Riemann surfaces of finite type. The 

^C) . obstructions we encounter are similar to those of Thurston. We give concrete criteria for 

verifying whether or not such obstructions exist. 
, Among many possible applications, these results can be used for example to con- 

Q struct holomorphic maps with prescribed dynamical properties; or to give a parameter 
description, both local and global, of bifurcations of complex dynamical systems. 

d . Subject class [2000]: Primary 37F; Secondary 32G. 



1 Introduction 

> . 

Thurston's characterization of postcritically finite rational maps is one of the major tools in 
complex dynamics. It enables us to produce various kind of rational maps with prescribed 
^r) ' dynamical properties, as well as to produce combinatorial models for parameter spaces. There 

are many applications of Thurston's theory. Just to mention a few, we may cite for example 
Douady's proof of monotonicity of entropy for unimodel maps ([DoJ), Mary Rees' descriptions 
of parameter spaces (see [Re]), McMullen's rational quotients ([Mc2]), Kiwi's characterization 
of polynomial laminations (using previous work of Bielefield-Fisher-Hubbard ( |BFHj ) and 
Poirier ( |Poj )). etc. 

One drawback of Thurston's theorem is that it can only be applied to postcritically finite 
rational maps. On one hand, these maps all have a connected Julia set; on the other hand, 
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^ ■ they form a totally disconnected subset in the parameter space (except the Lattes examples) . 

Therefore the theorem can not characterize the combinatorics of disconnected Julia sets, nor 
the bifurcations through continuous parameter perturbations. 

Over the years, there has been several attempts to extend Thurston's theory beyond 
postcritically finite maps. For example, David Brown (see [Br]), supported by previous work 
of Hubbard and Schleicher ([HS]), has succeeded in extending the theory to the uni-critical 
polynomials with an infinite postcritical set (but always with a connected Julia set), and 
pushed it even further to the infinite degree case, namely the exponential maps. See also 
Jiang and Zhang [JZ]. 

We mention also a recent work of Hubbard-Schleicher-Shishikura |HSSj extending Thurston's 
theorem to postcritically finite exponential maps. 

In this paper, supported by previous works of Cui, Jiang and Sullivan ([CJS]), as well as 
unpublished manuscripts of Cui, we extend Thurston Theorem to the full setting of arbitrary 
non-postcritically finite hyperbolic or sub-hyperbolic rational maps. Our analysis leads natu- 
rally to the concept of repelling systems over disconnected Riemann surfaces of finitely type, 
and allows us to establish an analog of Thurston Theorem for these dynamical systems. 
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This work consists of the first step of a long program, as exposed in [C2], to the study 
of deformations and bifurcations of rational maps. In a forthcoming paper ( |UTj ). we will 
extend our characterization to the setting of geometrically finite rational maps (i.e. maps 
with parabolic periodic points), and then give a detailed study of their relations with hy- 
perbolic rational maps. A geometrically finite map g often sits on the boundary of several 
hyperbolic components, and does so in a quite subtle way: if you approach it algebraically, 
you may or may not get an different geometric limit, depending very much how you ap- 
proach it. This subtlety makes the study for the deformation of g very difficult. However, 
it is relatively easy to describe combinatorially all the possible bifurcations. Then, equipped 
with our Thurston-like realization result, we will be able to prove easily the existence of such 
bifurcations. For instance we will classify all the hyperbolic components H that contain a 
path converging to g and that along the path the algebraic and geometric limits coincide. 
Conversely, given a hyperbolic component H, we will apply our technique to determine all 
the boundary geometrically finite maps g that are path-accessible from H with the same 
properties. 
Statements 

All branched coverings, homeomorphisms in this paper are orientation preserving. Let 
G : C — > C be an orientation preserving branched covering with degree degG > 2. Its 
postcritical set is defined to be 

Vg '■= closure{G"(c)| n > 0, c a critical point of G}. 

Denote by V' G the accumulation set of Vg- 

We say that G is poster itically finite if every critical point has a finite orbit (i.e. V' G = 0). 
We say that G is a sub- hyperbolic semi-rational map if V' G is finite (or empty); and in 
case V' G 7^ 0, the map G is holomorphic in a neighborhood of V' G and every periodic point 
in V' G is either attracting or super-attracting. 

Two sub- hyperbolic semi-rational maps G\ and G2 are called c- equivalent, if there is a 
pair {(ft, ift) of homeomorphisms of C, and a neighborhood Uq of V Gl such that: 

(a) (ft G\ = G 2 o ift; 

(b) (ft is holomorphic in Uq; 

(c) the two maps (ft and ift are equal on V Gl , thus on V Gl UUq (by the isolated zero theorem); 

(d) the two maps (ft and ift are isotopic to each other rel P Gl U Uq, i.e., there is a continuous 
map H : [0, 1] x C — > C such that each H(t, •) is a homeomorphism of C, H (0, •) = (ft, 
H(l, •) = ip, and H{t, z) = (ft(z) for any t £ [0, 1] and any z G Vg^ U Uq~. 

Given a sub-hyperbolic semi-rational map G, we consider the problem of whether there 
is a rational map c-equivalent to it. 

Thurston gave a combinatorial criterion of the same problem for postcritically finite 
branched coverings, based on the absence of Thurston obstructions (see 33.11 and Theorem 
13.21 below). We prove here: 

Theorem 1.1. Let G be a sub-hyperbolic semi-rational map with V' G 7^ 0. Then G is c- 
equivalent to a rational map g if and only if G has no Thurston obstruction. In this case the 
rational map g is unique up to Mobius conjugation. 
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The necessity of having no Thurston obstruction, and the unicity of the rational map g, 
are known to be true for a wider class of maps. See [Mc2j (or Theorem 13.31 below) and [CI]. 

Thus it remains only to prove the existence part here: i.e. to show that if G is unobstructed 
then it is c-equivalent to a rational map. 

In the process of proving the theorem, we introduce the concept of repelling systems over 
disconnected Riemann surfaces of finite type, and those of constant complexity. We develop 
a corresponding Thurston-like theory, including the notions of c-equivalence to holomorphic 
models, Thurston obstructions, and then a theorem saying that such a system without ob- 
structions is c-equivalent to a holomorphic model (see Theorems 13.51 and 15.41 for detailed 
statements). 

The general strategy of the proof of Theorem 11.11 can be then described as follows: we 
define Kg, its filled Julia set relative to V'q, to be the set of points not attracted by the cycles 
in V'q, i.e. 

K G := {z e C | |J {G n (z)} n V' G = 0} . (1) 

71>0 

Step 0. We show that up to a change of representatives in the c-equivalence class of G, 
we may assume that G is quasi-regular (Lem. 12. ip . 

Given now G : C — > C an unobstructed quasi-regular sub-hyperbolic semi-rational map. 

1. there is a restriction G\l 1 '■ L\ — > Lq in a neighborhood of Kg which is an unobstructed 
repelling system (Lem. |3T6|) . 

2. there is a sub-repelling system F of G|z»i that is both unobstructed and of constant 
complexity (Thms. EJ(B)EI]) 

3. This repelling system of constant complexity has no boundary obstructions nor renor- 
malized obstructions (Lem. [STB"!) . 

4. Any F with properties in Step 3 is c-equivalent to a holomorphic model (Thm. I5.4D . 

5. G\l 1 : L\ — > Lq is c-equivalent to a holomorphic model (Thm. H~T1 (A)). 

6. G : C — > C is c-equivalent to a rational map (Prop. 12. 4p . 

Steps 1-3 consist of detailed study of Thurston obstructions for repelling systems, as well 
as combinatorics of puzzle neighborhoods of Kg- 

Step 4 (Theorem l5.4p is the core part of this work. It is proved using Grdtzsch inequalities, 
and, in the presence of renormalizations, Thurston's original Theorem, together with a form 
of reversed Grdtzsch inequality. 

Steps 5-6 are standard applications of Measurable Riemann Mapping Theorem. 

Steps 2-5 together lead to a Thurston-like theorem for repelling systems (see Theorem 13.51 
for a precise statement), which is of independent interest. 

Notice that we do not take the approach, as one might have attempted to do, of iteration 
in an infinite dimensional Teichmuiler space. 

Remarks. Actually the no-obstruction condition in both our theorem 11.11 and Thurston's 
original one, is in general a difficult condition to verify, as there are infinitely many candidate 
obstructions. Therefore in order to apply them effectively, further efforts are often needed. 
In the postcritically finite setting, many methods have been developed to overcome this 
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difficulty. But in the case at hand, our result would have been left unsatisfactory if no 
further criteria have been given. Fortunately, what we have actually proved (see Theorems 
15.41 and 19.11 below) does provide more effective criteria. More precisely we will decompose 
the dynamics into several renormalization pieces that are in fact postcritically finite maps, 
together with a transition matrix that records the gluing data. This decomposition is not 
entirely trivial and presents some interests even for rational maps. Our proof shows then that 
in order to be c-equivalent to a rational map it amounts only to check Thurston's condition 
for the renormalizations (thus back to the postcritically finite setting), and for the gluing 
data, which is only one eigenvalue to calculate. 

We obtain also a combination result that is very practical to use. We will show in Theorem 
19.11 that for any finite collection /j of rational maps with connected Julia set Jj (postcritically 
finite or not), together with a compatible (unobstructed) gluing data D, one can glue the 
fi's on neighborhoods of Jj together following D, to obtain a rational map g, so that each /j 
appears as a renormalization of g. 

For a similar decomposition-gluing approach, we recommend jPij. The topology of Julia 
components for hyperbolic rational maps has been well understood. See |PT| . 

Theorem 11.11 was already announced in [C JS] , together with a sketch of the main ideas 
of the proof. Numerous details there were however missing, and sometimes erroneous. The 
presentation here will be totally different. In particular the concept of repelling systems and 
the related Thurston-like theory are new. This will lead also to two stronger and easier to 
use results: Theorems 15.41 and 19.11 

Along the proof we will provide numerous supporting diagrams and pertinent examples. 

Organization. 

The paper is organized as follows: In S(2]we prove Step and Step 6 above. We introduce 
the concept of repelling system and show how it appears as a restriction near Kq of a global 
map G. 

In ^3] we first recall the definition of Thurston obstructions and state Thurston's original 
theorem. We then develop the corresponding concepts for repelling systems and state a 
Thurston-like theorem in this setting (Theorem I3.5j) . Assuming it we prove Theorem 11.11 (we 
just need to do Step 1 above). 

In §U]we introduce the concepts of constant complexity repelling systems and the specific 
obstructions associated to them. We state our Thurston-like theorem, Theorem 15.41 in this 
setting. Assuming this we complete Steps 2-5 above and proves Theorem 13.51 

In §0313 we give the proof of Theorem 15.41 

In the final section §[9] we state Theorem 19.11 

Acknowledgment. We would like to express our thanks to Xavier Buff, John Hubbard, 
Yunping Jiang, Carsten Lunde Petersen, Kevin Pilgrim, Mary Rees, Mitsuhiro Shishikura 
and Dennis Sullivan for helpful comments. 

2 Reducing to restrictions near Kq 

Let G : C — > C be a sub-hyperbolic semi-rational map with V' G ^ 0, i.e. G is a branched 
covering such that the cluster set V' G of its postcritical set is finite and non-empty, that G is 
holomorphic in a neighborhood of Vq, and that every periodic cycle in V' G is either attracting 
or superattracting. 
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Our objective is to show that if G has no Thurston obstruction then G is c-equivalent to 
a certain rational map. 

2.1 Making the map quasi-regular 

Lemma 2.1. Let G be a sub-hyperbolic semi-rational map with V q ^ 0. Then G is c- 
equivalent to a quasi-regular sub-hyperbolic semi-rational map. 

Proof. Consider G as a branched covering from C onto C. There is a unique complex 
structure X' on C such that G : (C, X') — > C is holomorphic (see [DP] , section 6.1.10). The 
uniformalization theorem provides thus a conformal homeomorphism £ : (C,X') — > C. Set 
R := G o Then R : C — > C is a branched covering, holomorphic with respect to the 

standard complex structure, therefore a rational map. 

Let U C C be a finite union of quasi-discs with mutually disjoint closures, such that 
V' G C U, G~ l {U) D U and G is holomorphic in a neighborhood of U with respect to the 
standard complex structure. Then the new structure X' is compatible with the chart G _1 (i7), 
so £(U) is also a finite disjoint union of quasi-discs. Set L := C\C7. Then there is a quasi- 
conformal homeomorphism 77 : L — > £(L) such that 77 = £ on (3L) U (Pg H L) and 77 is isotopic 
to £ rel (9L) U (Pg H L) (see Lemma |C,2|) . Set £ = 77" 1 o £ on L and £ = id on U. Then £ is 
isotopic to the identity rel U U Vg- So Go £ _1 is c-equivalent to G. But G o £ _1 = i? o 77 on 
L, with 77 quasi-conformal and ii holomorphic. One sees that G o C" 1 is quasi-regular in L, 
thus quasi-regular on C. □ 

2.2 Repelling system as restriction 

Definition 1. For two subsets E\,E2 of C, we use the symbol E\ CC E2 if the closure of E\ 
is contained in the interior of E2. We use also E c := C\E to denote the complement of E in 
C. If E C C is compact connected, each complementary component of E (i.e. a component 
of E c ) is a disc. 

We will cover Kg by a suitable puzzle £ so that in particular G" 1 ^) CC C, just as 
in Branner-Hubbard's study of cubic polynomials with disconnected Julia set (see [BH ). 
The restriction G\ G -i^, considered as a dynamical system, leads naturally to the concept 
of repelling systems. Such dynamical systems can be also considered as generalization of 
Douady-Hubbard's polynomial-like mappings ( |DH3j ) in two aspects: the domain of defini- 
tions will be several components each with several boundary curves (this is necessary as we 
are dealing with rational maps), and the dynamics will be quasi-regular branched coverings 
without necessarily analyticity. 

Definition 2. We say that S C C is a (quasi- circle) bordered Riemann surface if it is 
C minus finitely many (might be zero) open quasi-discs D\ so that their closures Di are 
mutually disjoint. Therefore dS is a disjoint union of finitely many (might be zero) quasi- 
circles. We say that C = S\ U • • • U Sk is a puzzle surface, if each Si a bordered Riemann 
surface, and two distinct Si and Sj are either contained in distinct copies of the Riemann 
sphere, or are mutually disjoint. Each Si is also called an C-piece. 

Definition 3. We say that a map F : £■ — > C is a (quasi-regular) repelling system, if: 

£ CC £ are two nested puzzle surfaces and F : £ — > C is a quasi-regular proper mapping; 
more precisely if C = S\U- ■ -USfc is a puzzle surface, £ := |J i ... fe i SeA _ . Eijs and F : £ — ► C 
is a map such that, 
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(TOP) for each pair (i,j), the index set Ay is finite or empty, and, for any 5 G Ajj, the set 

is a bordered Riemann surface compactly contained in the interior of Si. Furthermore 
for each i the -E^'s are mutually disjoint for all possible choices of j and 5. 

(DYN) F\e, ijS : Eijs — > Sj is a quasi-regular proper mapping for all possible i,j and 5. 

This notion generalizes Douady-Hubbard's polynomial-like maps in both the complexity 
of the domains and the regularity of the map (recall that F : £ — > C is polynomial-like if both 
£ and C are connected and simply connected hyperbolic Riemann surfaces with £ CC C and 
if F is an analytic proper mapping) . Notice that due to the disconnectedness of the domains 
the number of preimages f^-F _1 (6) need not be constant when we let b vary in C. 

To a repelling system F : £ — > C we associate its postcritical set Pp and filled Julia 
set Kp by: 

V F : = closure{F n (c) G C \ c a critical point of F, n> 0, c, F(c), • • • , F n_1 (c) G £}; 

K F := {z e £ \ F n (z) G £, Vn > 0}. 

The set 7-V might be empty, in this case we say that F is unbranched. One may construct 
examples for which Kp is empty (for example C = S1US2, £ = E\i CC Si and F{E\<i) = Sz), 
although we will be only interested in the case that Kp 7^ 0, with either Vp = or not. We 
have F~ l (Kp) = Kp, F(T F D Kp) C? f n Kp. 

We say furthermore that F : £ — > C is postcritically finite MVp is finite or empty (this is 
equivalent to say #V 'pDKp < 00). In particular we say that F : £ — > C is an annuli covering 
if each component of C and £ is a closed annulus, and F is unbranched, i.e. Vp = 0. 

A repelling system i 7 : £ — > C is holomorphic if i 7 is holomorphic in the interior of £. 

The following restriction principle provides the most fundamental examples of the above 
concepts: 

Lemma 2.2. Let G be a quasi-regular sub-hyperbolic semi-rational map with V' G 7^ 0. Then 
there exists a puzzle surface neighborhood Lq of Kq such that, setting L\ = G _1 (Lo), 

L\ CC Lq, and G\l± ■ L\ — > Lq is a postcritically finite repelling system. 

Proof. Note that for S C C a bordered Riemann surface, a necessary and sufficient condition 
for each component of G~ 1 (S) to be a bordered Riemann surface is that dS does not contain 
any critical value of G. 

One can find an open set Uq which is the union of a quasi-disc neighborhood for each 
point of V' G so that these quasi-discs have disjoint closures, that 8Uq is disjoint from Vq, 
that G is holomorphic in a neighborhood of Uq, and that G{Uq) CC Uq. 

Set L = C\LT . Then Kq CC G _1 (A)) CC Lq, V g n L is finite (or empty). This L 
satisfies the requirement of the lemma. □ 

Note that one may also set L n = G~ ti (Lq) for n G N, to produce a sequence of repelling 
systems G\p n+1 '■ L n+ \ — ► L n satisfying the requirement of the lemma. 

Examples. 

A. Let £ CC C be two closed quasi-discs, and i 7 : £ — > £ be a holomorphic proper map. 
Then F is a polynomial-like map in the sense of Douady-Hubbard, Kp is simply the 
filled Julia set, and Vp is the postcritical set. 
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B. £ is a closed quasi-disc, £ is the union of finitely many disjoint closed quasi-discs 
contained in the interior of £, and F maps each £-piece quasi-conformally onto the 
larger disc £. In this case Vf = and Kp is the non-escaping set of F. If F is also 
holomorphic, the filled Julia set Kf is a Cantor set. This happens when F is z 2 + c for 
large c and £ is a disc in C bounded by an equipotential such that £ £ but c £. 

C. By convention we may consider £ = £ = C as puzzle surfaces and a quasi-regular 
post critically finite branched covering F : C — > C as a repelling system. 

More important classes of examples are provided by Lemma 12.21 by the annuli coverings 
(see below). See also S6.ll 

Marking. Let F : £ — > £ be a postcritically finite repelling system. We say that it is marked, 
if it is equipped with a marked set V, satisfying that 

V F C V C (£\d£); #V < oo and F(7> nf)cP. 
If not explicitly mentioned, we will consider F to be marked by its postcritical set Vf- 
Motivated by Thurston's theory, we give the following: 

F 

Definition 4. We say that two marked postcritically finite repelling systems {£ — > C,V) 

R 

and {£' — ► C',V ) are c-equivalent, if there is a pair of quasi-conformal homeomorphisms 
* : £ -> £' such that 

) = £' and V(V) = V C Z) £ £ ' C £' 

*lfl£uP - ®\dCuV in particular F | | i? commutes. (2) 

^ is isotopic to $ rel oC U "P , 
^oFo^-%, = R V 

We say that (£ — ► £, T 3 ) is c-equivalent to a holomorphic model, if there is a holomorphic 
(£' —> £',V') c-equivalent to it. 

See S6.ll for examples. We have the following criterion: 

F 

Lemma 2.3. A marked postcritically finite repelling system {£ — ► C,V) is c-equivalent to a 
holomorphic model iff there is a pair (0,//) such that: 

(a) : £ — > £ is a quasi-conformal homeomorphism with ©Ig^jp = id and is isotopic to 
the identity rel dC U V . 

(b) n is a Beltrami differential on £ with \\n\\oc < 1 and (F o 0~ 1 )*( / u) = (J,\q(£)- 

F R 

Proof. Assume that (£ — > £, V) is c-equivalent to a holomorphic {£' — ► £', ). Let ($, \t) be 
the pair of quasi-conformal maps given by Definition 4. Set = o 5'. Then satisfies 
the required isotopic conditions. Let \x be the Beltrami coefficient of <3?. Then ([2]) means 
exactly that [F o _1 )*(^) = ^|e(£). 

Conversely assume the existence of the pair (0, By the Measurable Riemann Mapping 
Theorem, there is a quasi-conformal map <I> defined piecewisely on £ with Beltrami coefficient 
fi. Set * = $oG. Then for £' := #(£), 7?' = £' := $(£) and i? := ^ofor 1 : £' -> £', 

we know that (5' — > £', T 3 ) is a holomorphic repelling system c-equivalent to (£ — > C,V). □ 
The following result relates repelling systems to our main interest (Theorem I l.ip through 
restriction: 
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Proposition 2.4. Let G be a quasi-regular sub-hyperbolic semi-rational map with V' G 7^ 0. 
// there is a puzzle surface neighborhood C of Kq with CC C and dC n Vq = such 

that G|g- 1 (£) : G~ l {C) — > C, as a postcritically finite repelling system, is c-equivalent to a 
holomorphic model, then G is c-equivalent to a rational map. 

Proof. Set £ = G~ l {C) and F = G\q-i(£\. By assumption F is c-equivalent to a holomorphic 
model (with marked set Vf, which is equal to Vq H Kq). By Lemma 12.31 there is a pair 
(0,/x), with G a quasi-conformal map of C satisfying ®\gc\j(P G nC) = ^ an< ^ ® isotopic to 
the identity rel dC U ("Pg H £), with fi a Beltrami differential on C such that ||/i||oo 

< 1 and 

(GoG- 1 )> = ^| ( £ ). 

Choose Uq an open neighborhood of V' G disjoint from £ so that G -1 (J7 ) D U and G 
is holomorphic on G~ 1 ([/o)- Set Lq = Uq and L n = G~ n (Lo). As L n forms a decreasing 
sequence of sets shrinking down to Kq, there is an integer N > such that C C So 
every orbit passing through Lq\£ stays there for at most N + 1 times before being trapped 
by C/o- 

Extend the map G to a quasi-conformal map of C by setting G := id on C\£, then G is 
quasi-conformal and isotopic to the identity rel Vq. Set G\ = G o Q _1 . Then G\ is again 
quasi-regular, and is holomorphic on Q(Uq) = Uq. Clearly, each Gi-orbit passes through 
Lo\6(£) at most N + 1 times. 

Extend now fi outside C by [i = 0. Let $1 : C — > C be a global integrating map of this 
extended //. Set G2 := ^loGiO^" 1 . Then G2 is again quasi-regular, and is holomorphic in 
the interior of $1 oQ(£) and in &i(Uo). Elsewhere each G2-orbit passes at most 1 times. 

One can now apply the Shishikura principle: we spread out the Beltrami differential 
uq = using iterations of G2 to get an G2-invariant Beltrami differential v. Note that 
v = on <E>i([/o), and || 

^11 00 *^ !■ Integrating v by a quasi-conformal homeomorphism $2 
(necessarily holomorphic on 3>i(C/o))> we get a new map i? := <J > 2°G2 0< 1 ) 2~ 1 which is a rational 
map and is c-equivalent to G2, therefore to G. See the following diagram. 

(C,£) C C C 

GI ^Gi £G 2 ^i? □ 

(C,£) — ► C — ► C — ► C 

id <3>i $2 

3 Thurston- like theory for repelling systems 

We are thus interested in whether a given repelling system (for example a restriction of G 
near Kq as in Lemma \2.2\i is c-equivalent to a holomorphic model. We will see that, similar 
to Thurston's theory, the answer is yes if the map has no obstructions that are similar to 
Thurston's original obstructions. 

3.1 Grotzsch inequality and Thurston obstructions 

Thurston obstructions are in fact closely related to the Grotzsch inequality on moduli of 
annuli. The best way to understand them is to start from real models. 

1. Slope obstruction. Suppose we want to make a tent map / on [0, 1] with folding point 
c and with /(c) > 1, with left slope d\ and right slope — di- This is possible iff d^ 1 + d^ 1 < 1. 
More generally, suppose we have k disjoint closed intervals I\ U • • • U 1^ in R, on which we 
have a topological dynamical system with the following combinatorics: 
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For each pair there are finitely many (might be zero) intervals I^g, for 5 running 

through some finite or empty index set A,j (depending on such that 

(TOP) Iijs is a sub-interval of and the Iijg's are mutually disjoint for all possible i,j and S. 
(DYN) / : Iij§ — > Ij is a homeomorphism for all possible i,j and 5. 

The question we ask is: given a collection of slopes (in absolute value) (dijs)ijs, is there 
a collection of and / : I^s — ► ^) so that each / : — > 7j is affine with slope (in 

absolute value) dyg, for every possible multi-index (i,j,S)7 

Let us search at first necessary conditions. Assume that such a piece-wise affine map / 
exists. Then (DYN) implies \Iijs\ = whereas (TOP) implies Ylj,s\^ijs\ < \h\- Put these 
together we get 

ElE^II^KI 1 ^ i = h---,k. (3) 

j v J 

Let D = (a,ij) denotes the transition matrix defined by a^- := ^5gA •• ^/dijS (it is a non- 
negative matrix, with, by convention, a%j = if Ay = 0). Then the necessary condition ([3]) 
can be reformulated as: Dv < v, where v := (|ij|) is a vector with strictly positive entries. 

It is quite easy to check that this necessary condition is also sufficient. Therefore the 
answer to the above question is: such an affine dynamical system exists if and only if the 
transition matrix D admits a vector v with strictly positive entries so that Dv < v, or 
equivalently (see Lemma |A. 1 1) . if and only if the leading eigenvalue X(D) of D from Perron- 
Frobenius theorem is strictly less than 1. 

Once this is done, the following 'complexification' will become easy: 
2. Grotzsch obstruction for annuli coverings. Now we may think the intervals i, 
are thin tubes, and the subintervals I^s as essential sub-annuli. More precisely, let A = 
A\ U • • • U Af. be a puzzle surface with each Ai a closed annulus. For each pair let 
(Aijs)s be finitely many (might be zero) sub-annuli of A, such that 

(TOP) Aijs is an essential sub-annulus of Ai. Furthermore for each i the A^^s are mutually 
disjoint for all possible choices of j and 5. 

(DYN) / : Aijg — > Aj is a quasi-regular covering of degree dijs for all possible i,j and 5. 

Set £ = | | - A^s and consider / : £ — > A as an (un)repelling system with empty post- 
critical set (an annuli covering). The question is: is / : £ — > A c-equivalent to a holomorphic 
model? 

Assume that / is already holomorphic. Denote by \A*\ the modulus (rather than the 
length) of the interior of the annulus A*. Then \Aij$\ = \Aj\/dijs (due to (DYN)) and 
Y^j s I Aijs | < \ Ai\ (due to Grotzsch inequality and (TOP)). Therefore the leading eigenvalue 
A(-D) of the transition matrix D is less than 1. We have, naturally: 

Lemma 3.1. An annuli covering f : £ — > A is c-equivalent to a holomorphic model if and 
only if X(D) < 1. 

Proof. =>. Assume f : £ —> A is c-equivalent to a holomorphic R : £ ' — * A'. Then the two 
maps have the same transition matrix D. By the argument above \(D) < 1. 
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<=. This will be done in Lemma 16.51 □ 

This Lemma is not needed in the proof of our main result. But it helps the understanding 
of Thurston obstructions and its proof will shed light to our more complicated situation. 

3. Thurston obstruction for a pair (h,V). Let h : C — > C be a branched covering, and 

V C C a closed marked set containing Vh and h(V). For example we may take h to be a 
sub-hyperbolic semi-rational map G and V = Vg- 

A Jordan curve 7 in CxP is said null-homotopic (resp. peripheral) within CnT 3 if one of 
its complementary component contains zero (resp. one) point of V; and is said non-peripheral 
within C\"P otherwise, i.e. if each of its two complementary components contains at least 
two points of V . 

We say that T = {71, • • • , 7^} is a multicurve of within CxP, if each ji is a Jordan curve 
in C\V and is non-peripheral within C\V, and the 7,-'s are mutually disjoint and mutually 
non-homotopic within C\"P. 

Each multicurve T induces a (h,V) -transition matrix Dr together with its leading eigen- 
value A(.Dr) as follows: Let ( r yijs)6eA i j denote the collection of the components of /i~ 1 (7j) 
homotopic to ji within C\"P, with Aj,- some finite or empty index set depending on ij. 
Then h : 7^,5 — > jj is a topological covering of a certain degree d^g. The transition matrix 
Dt = (a-ij) is defined by = J2seA l:j ^/^ijS (and Ojj = if A^- = 0). 

We say that a multicurve T is (h,V)-stable if every curve of h~ l {^), with 7 E T, is either 
null-homotopic or peripheral within CxP, or is homotopic within C\.V to a curve in T. 
This implies that for any m > 0, every curve of h~ m (j), 7 £ T is either null-homotopic or 
peripheral within C\"P, or is homotopic within C\"P to a curve in T. 

We say that a multicurve T is a Thurston obstruction for (h,V) if it is (h, 7 3 )-stable and 
A(-Dr) > 1- I n the particular case = "Ph. we say simply that T is a Thurston obstruction 
for h. 

In case that V is finite (in particular h is postcritically finite) we say that two such pairs 
(h,V), {h,V) are c-equivalent if there is a pair of homeomorphisms ((fi,ip) ■ C — > C such that 
(/>("P) = T 3 , that ^> is isotopic to ip rel "P, and that (j) oho ip" 1 = h. 

Theorem 3.2. (Marked Thurston theorem). Let h be a postcritically finite branched covering 
of C with deg/i > 2. Assume that the signature of its orbifold is not (2,2,2,2), or more 
particularly Vh contains periodic critical points or at least five points. Let V be a finite 
marked set containing Vh and h(V). If (h,V) has no Thurston obstructions, then (h,V) 
is c-equivalent to a unique rational map model. More precisely there are homeomorphisms 
(4>,if)) '■ C — > C such that (j) is isotopic to tp rel V and that f := <j) h o tp" 1 is a rational map. 
And the conformal conjugacy class of the pair (f,4>(V)) is unique. 

Furthermore, if h is quasi-regular, both (ft and ift can be taken to be quasi- conformal. 

Here we omit the definition of orbifold and its signature (see e.g. |DHlj ). We mention 
only that if Vh contains periodic critical points, or at least 5 points, then the signature of its 
orbifold is not (2, 2, 2, 2). This is enough for our purpose here. 

Remark. Our statement is slightly different than the original Thurston Theorem, where 

V = Vh- But the arguments in |DH1| can be easily adapted to prove this more general form. 
In case h is quasi-regular, we may replace (ft by a quasi-conformal map (ft' isotopic to (ft rel 
V. This is possible since V is finite (see Lemma |C.2|) . Lifting this isotopy will provide us a 
quasi-conformal map ift' isotopic to ift rel V such that (ft o ho tft' 1 = (ft' o ho ift' -1 . 
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Conversely, we have the following result of McMullen ( [Mc2j ) : 

Theorem 3.3. Let f be a rational map with degf > 2, and let V be a closed subset such 
that f(V) C V and V f C V . Let V be a [f,V) -multicurve whose transition matrix is denoted 
by D. Then \{D) < 1. If \{D) = 1, then either f is postcritically finite whose orbifold has 
signature (2,2,2,2); or T includes a curve that is contained in the Siegel discs or Herman 
rings of f. 

Again this form is slightly stronger than McMullen's original version. But the proof goes 
through without any trouble. 

3.2 Thurston obstructions for repelling systems. 

Let (£ ^ C,V) be a marked postcritically finite repelling system, in other words F : £ — > C 
is a quasi-regular branched covering among two nested puzzle surfaces, and V C C\dC is a 
finite set containing Vf and F(V n £). (In case C = C we are back to Thurston's setting). 

Two Jordan curves in are homotopic if they are both contained in a common £-piece 
S and are homotopic to each other within S\V. 

A Jordan curve 7 C C\V is said null-homotopic (resp. peripheral) within C\V if it 
bounds an open disc D so that D C C and D n V = (resp. jfD D V = 1); is said non- 
peripheral within C\V otherwise (this is equivalent to say that 7 is contained in S\V for 
some component S of C, and either 7 bounds no disc in S, or 7 bounds a disc D in S 
containing at least two points of V). For example if 7 is a boundary curve of an £-piece S, 
and if S is not a closed disc, then 7 is non-peripheral. 

We say that T = {71, • • • ,7^} is a multicurve within £\P, if each 7, is a Jordan curve 
in C\V and is non-peripheral within /XT 3 , and the 7j's are mutually disjoint and mutually 
non-homotopic within C\V. 

Each multicurve V induces an (F,V) -transition matrix W = Wr together with its lead- 
ing eigenvalue A(Wr) as follows: Let ( r yijs)seA ij denote the collection of the components of 
F (jj) homotopic to 7^ within C\.V, with Ay some finite or empty index set depending 
on ij. Then F : j^g — > jj is a topological covering of a certain degree d^g. The transition 
matrix is defined by 

W r = (bij), by = 1/dijs 
SeAij 

(with b^ = if Aij = 0). 

We say that a multicurve T within is (F,V)- stable if every curve of F~ 1 ( , y), with 

7 G r, is either null-homotopic or peripheral within C^V, or is homotopic within C\P to a 
curve in V. 

We say that a multicurve T within C\V is a Thurston obstruction for (F,V) if it is 
(F, 7 3 )-stable and X(W r ) > 1. See ^Ofor examples. 

The following principle will be used frequently, and is a direct consequence of the fact 
that F(V PI £) C "P and that F is a covering over C\V: 

Basic pull-back principle. 

1. Let D be an open Jordan disc contained in C\P with dD [~l V = 0. Then every 
component of F~ 1 (D) is again an open disc and is contained in £\V. Each curve in 
F~ 1 (dD) is the boundary of a component of F~ 1 (D). 
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2. Let A be an open annulus contained in C\V. Then every component of F 1 (A) is 
again an open annulus and is contained in S^V- 

3. Let D be an open Jordan disc contained in C with dD n V = such that D contains a 
unique point of V ■ Then every component of F~ l (D) is again an open disc, is contained 
in S, and contains at most one point of V. Each curve in F~ 1 (dD) is the boundary of 
a component of F~ l (D). 

The following is an easy consequence: 

Lemma 3.4. Let (6 — > &e a marked postcritically finite repelling system. For any 

peripheral (resp. null-homotopic) curve 7 C C\V, each curve in F" 1 ^) is either peripheral 
or null-homotopic (resp. is null-homotopic). 

We will prove: 

Theorem 3.5. (Thurston theorem for marked repelling systems). Let (B — > A4, Q) be a 
marked postcritically finite repelling system. We assume in addition that no M -piece is 
homeomorphic to C, in other words we require dS 7^ for every M-piece S. If (G, Q) has 
no Thurston obstructions, then (G, Q) is c- equivalent to a holomorphic model map. 

3.3 Proof of Theorem 11.11 using Theorem 13.51 

Lemma 3.6. Assume that G : C — > C is a quasi-regular sub-hyperbolic semi-rational map 
with V' G ^ and without Thurston obstructions. Then there are puzzle surfaces L\,Lq such 
that 

KgCCLiCCLq, G~ 1 {Lq)=L 1 

and that, the restriction G\l 1 '■ L\ — > Lq, marked by Vg^Lq, is a postcritically finite repelling 
system without Thurston obstructions. 

Proof. One can find an open set Uq which is the union of a quasi-disc neighborhood for 
each point of V'q so that these quasi-discs have disjoint closures, that 8Uq is disjoint from 
Vg-, that G is holomorphic in a neighborhood of Uo, and that G(Uq) CC Uq. Set Lq = U§. 
Topologically Lq is the sphere minus finitely many (open) holes. Set L\ = G~ 1 (Lq), H = 
G\l 1 and Q := Vg H Lq. So (H, Q) is a marked postcritically finite repelling system. The 
assumption V' G / implies that 8Lq ^ 0. 

We will show now: under the assumption that G : C — > C has no Thurston obstructions, 
the repelling system (H, Q) has no Thurston obstructions. 

Assume at first that Lq is a closed disc containing at most one point of Q. In this case 8Lq 
is a single curve and is null-homotopic or peripheral within Lo\Q. And there is no multicurve 
within Lq\V as every curve in Lq\V is either null-homotopic or peripheral. Consequently 
(H, Q) has no Thurston obstructions. 

Next assume that Lq is a closed annulus disjoint from Q. Then there is only one class of 
non-peripheral Jordan curves within Lq^Q = Lq, namely that of a boundary curve 7 of Lq. 
But such a 7 is also non-peripheral within C\Vg as each of the two discs of C\Lo contains 
points of V' G C Vg- The curves in G" 1 ^) are either peripheral within Lq, or homotopic to 7 

Q 

within Lq. Therefore {7} is stable for both (C — ► C,Vg) and (H, Q) and the corresponding 
two transition matrices are identical. By the assumption that (C — > C, Vg) has no Thurston 
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obstructions, the corresponding leading eigenvalue is less than 1. Therefore {7} is not an 
Thurston obstruction for (H, Q). And (H, Q) has no obstructions. 

In the remaining case, Lq is a bordered Riemann surface, with 

#(Lo n Q) + ^{boundary curves of Lq} > 3. 

In particular each of its boundary curves is non-peripheral within Lq^Q. 
Let now T be a multicurve within Lq~^Q. In other words, 

a) each curve in T is non-peripheral within Lq\Q, 

b) the curves in V are mutually disjoint, 

c) the curves in T are mutually non-homotopic within Lq\Q. 

We want to show that T is also a multicurve within CxT^g, i.e. T satisfies a),b) and 
c) with Lq\Q replaced by C\Pc?. By a), for each curve 7 in T, either both discs of Cs/y 
contains a component of C\Lo = Uq (therefore infinitely many points of Vg)] ° r one disc 
of C\7 is contained in Lq and contains at least two points of Q C Vg, while the other disc 
contains all components of Uq (therefore infinitely many points of Vg)- I n both cases each 
component of CX7 contains at least two points ofVc- So 7 is non-peripheral within C^Vg- 

By b) the curves in T are mutually disjoint. 

By c), given any two curves 7,7' of T, we have 7,7' C Lq\Q and the open annulus 
^(7,7') bounded by 7,7' intersects either Uq or Q C Vg (or both). In the former case 
^4(7,7') contains a component of Uq. Therefore in both cases ^(7,7') intersects Vg- So 7,7' 
are also non-homotopic within C^Vg- 

This arguments implies that T is also a multicurve within C^Vg- 

Assume now that T is a multicurve within Lq\Q and is (H, Q)-stable. In other words, 
for any 7 G T and any curve 5 of G~ 1 (7), either 5 bounds a disc that is contained in Lq and 
that contains at most one point of Q = LqHVg, or 5 is homotopic within Lq-\Q to a curve 7' 
in r. Thus either 5 bounds a disc that contains at most one point of Vg, or it is homotopic 
within C^Vg to 7'. 

This shows that T is a multicurve within C\Vg that is also (C — > C, "Pc^-stable. The 

two transition matrices (by (H,Q) and by (C C,Vg)) ar e identical, therefore have the 
same leading eigenvalue A. 

By the assumption that (C — > C,Vg) has no Thurston obstructions, we know that A < 1. 
So r is not a Thurston obstruction for (H, Q). 

Therefore (H, Q) has no obstructions. □ 

Assuming Theorem 13.51 we may now give the 

Proof of Theorem \l.l\ (the existence part). Let G be sub-hyperbolic semi-rational map with 
V'g 7^ and without Thurston obstruction. We may assume in addition that G is globally 
quasi-regular, up to a change of representatives in its c-equivalence class (by Lemma l2Tj) . 

We may then apply Lemma 13.61 to G to show that it has a restriction near Kg which is a 
postcritically finite repelling system without Thurston obstructions, therefore is c-equivalent 
to a holomorphic model by Theorem 13.51 We may then apply Proposition 12.41 to conclude 
that G is c-equivalent to a rational map. □ 
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4 Reduction to a sub-repelling system 

Our main objective here is: 

Theorem 4.1. Let {B — > A4,Q) be a marked postcritically finite repelling system such that 
every M -piece has a non-empty boundary. 

Let£,C be two puzzle surface neighborhoods of Kq satisfying: 

(*) K G cc£ CC CccM, £ = G^(C), QndC = 0; 

(**) f or every C-piece S, and for the M-piece Sq containing S in the interior, and for the 
copy C of the Riemann sphere containing Sq (therefore S), every (disc-like) component 
o/C\5" contains either components of 8Sq or points of Q (or both); 

Let F = G\e : £ — > C be the sub-repelling system marked by Qf] C. Then, 

(A) If (F, Qn£) is c-equivalent to a holomorphic model so is (G, Q). 

(B) If (G, Q) has no Thurston obstructions, so does (F, Q n £). 

G has no ob. G ~ c hoi. model 

H (B) it (A) 

F has no ob. ==^ F ~ c hoi. model. 

Once the theorem is proved the problem of c-equivalence to a holomorphic model for 
(G, Q) is reduced the problem for a suitable sub-repelling system. 

4.1 How to get a stable multicurve 

The following criterion is very useful: 

Lemma 4.2. A marked postcritically finite repelling system (£ — > C,V) has a Thurston 
obstruction if and only if there is a multicurve V within C\V (not necessarily (F,V) -stable) 
with \(W r ) > 1. 

Proof. We will need to produce an (F, 7 3 )-stable multicurve with the leading eigenvalue of its 
transition matrix greater than one. 

Let r be a multicurve within C\V, i.e. the curves in V are non-peripheral, mutually 
disjoint and mutually non-homotopic within C\P. The action of {F^V) induces a directed 
graph Ar as follows: the vertices are the curves in V. And there is an edge directing from 5 
to 7 (maybe 5 = 7) if 5 is nomotopic to a curve in F" 1 (7) within C\V. 

If A C r is a sub-multicurve then Wa is the submatrix of Wr corresponding to the 
entries of A, denoted by PVrU, and A^ is the corresponding subgraph of Ar- In this case 
X(W A ) < A(W r ) (by Lemma 

We will say that a multicurve A within C\V is irreducible if any two vertices of its graph 
Aa can be connected by following successively the directed edges. It is elementary that if 
A(Wr) > then there is an irreducible sub-multicurve A C T with X(Wa) = A(Wr). 
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Each multicurve T defines a pulled-back multicurve Ti as follows: The curves in F~ 1 (F) := 
(J 7gr i ?_1 (7) are already mutually disjoint. But some of them might be peripheral, or no- 
motopic to another within C\V. Pick one representative in each homotopic class of the 
non-peripheral curves in F~ l (T). Together they form a new multicurve, Ti. 

In general a curve in T\ might not be homotopically disjoint from a curve in T. 

Saying that T is stable is equivalent to say that every curve in T\ is homotopic to a curve 
in r. 

In case that every vertex of Ar is the departure of an edge (for example when T is 
irreducible), then every curve in T is homotopic to a curve in T±. One obtains then successive 
pulled back multicurves I^,---, such that curves in Ti are homotopic to curves in Tj + i. 
As C\V is topologically finite, there is N such that = #rjv+i- Consequently I^v is 

(F, Testable. 

Assume now T' is a multicurve within £\"P, not necessarily stable, such that \(Wr>) > 1. 

There there is an irreducible sub-multicurve A C V with A(WOi) = A(Wr"). Pulling 
back successively A we get a multicurve An that is (F, 'P)-stable and contains A. And 
1 < A(Wr') = \{W A ) < \{W An ). □ 

4.2 Proof of Theorem 14.11 

Proof of Theorem \4-l\ 

(A) . This part can be proved similarly as Proposition 12.41 We will omit the details here. 

(B) . Note that Condition (**) assures a certain minimality of C, so that C does not have 
trivial holes in A4. 

Set V = Q n £, the marked set of F. 

At first we prove the following facts that will be used frequently in the sequel: 

(a) Two Jordan curves 7,7' in C\P, homotopic within C\V, are also homotopic within 
M\Q. 

(b) For a Jordan curve 7 in it is null- homotopic within C\V iff it is null-homotopic 
within M\Q. 

(c) A peripheral curve within C\V is also peripheral within M\Q. 

Proof, (a). There is an £-piece S containing both 7,7' and 7 and 7' are homotopic within 
S<P. But S is contained in an A^-piece S , and VnS = QnCnS = QnS. So S\V C 5 \Q 
and 7 and 7' are homotopic within <S*o\Q, therefore within .M\Q. 

(b). Again let S (resp. So) be the £-piece (resp. .M-piece) containing 7. 

If 7 is null-homotopic within C\P then it bounds a disc D contained in S\V. But 
S\V C Sb\Q. So D C S*o\Q and 7 is null-homotopic within Sq\Q, therefore within 
M\Q. 

Conversely if 7 is null-homotopic within M\Q, it bounds an open disc D contained in 
Sq\Q- If D is not contained in S, and as 7 = dD C S, we must have that D contains a 
component of C\5. By Condition (**) we know that D intersects dS^U Q. This contradicts 
the fact that D C 5 \Q. Therefore D C S. But D n S = 0. So D C 5\Q = S\P. 
Therefore 7 is also null-homotopic within S^V, hence within £\V. 
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(c). By definition 7 is peripheral within C\V if it bounds a disc D that is contained in 
an £-piece S such that #D fl V = 1. In this case -D is also contained in the .M-piece Sq 
that contains S, and #D flQ = #D n (Q n 5) = #D HV = 1. By definition again 7 is also 
peripheral within ,M\Q. □ 

Assume now that (G, Q) has no Thurston obstructions. We will prove that (F, V) has no 
obstructions either. 

Let T be a multicurve within i.e.: 

i) each curve in T is non-peripheral within C\V\ 

ii) the curves in T are mutually disjoint; 

iii) the curves in T are mutually non-homotopic within C\V. 

Change the representatives within the same homotopy classes if necessary, we may assume 
in addition: 

iv) a curve in T is either equal to a boundary curve of C, or, is disjoint from dC and is not 
homotopic to a curve in dC within C\V. 

When considering homotopy within M\.Q (which contains C\V), there are two new 
phenomena: 

1. Some of the curves in T may now become peripheral (but never null- homotopic) within 
■M\Q (Figure [T] shows how this may happen). 

2. Some of the curves in T may now become homotopic to each other within M\Q. 
The following two parts treat each phenomenon separately: 

1. Curves in T that become peripheral within M.\Q. 



shaded regions are in £ 



D{l) 




aeV 



a disc contained in L 



Figure 1: The curve 7 is not peripheral within C\V but is peripheral within A4\Q, as it 
bounds a disc D{~f) that is contained in A4 and contains a unique point of Q. 



We now consider homotopy within Ai\Q. By (b) each curve in T is non-null-homotopic 
within .M\Q, is therefore either peripheral or non-peripheral within ,M\Q. We thus de- 
compose T into T = Z U X , with Z (resp. X) denoting the collection of curves in T that are 
peripheral (resp. non-peripheral) within .M\Q. Denote by Wz,Wx the (F, "P)-transition 
matrix of Z, X respectively. 

Lemma I. The (F, ^-transition matrix Wt has the following block decomposition (where 

( Wx O 

O denotes a rectangle zero-matrix): Wt = I y^- 

Proof. Let 7 G Z and /3 be a curve of F _1 (7) = G -1 (7). We just need to show that if (5 
is homotopic within C\V to a curve 7' in T, then 7' E Z. 
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By definition of Z the curve 7 bounds an open disc D(j) contained in A4 and containing 
a unique point of Q. Therefore, applying the Basic pull-back principle to D(/y), we know 
that each component of G~ 1 (D( , y)) is disc-like, is contained in B = G~ l {M), and contains 
at most one point of Q. Let f3 be a curve in G~ 1 (7). Then (5 is the boundary of a component 
of G -1 (.D(7)). So (3 is either null-homotopic or peripheral (within A1\Q). On the other 
hand, (3 is homotopic within C\V to 7' 6 T by assumption. And the homotopy can be taken 
within M\Q by (a). Consequently 7' is either null-homotopic or peripheral within A4\<2. 

But no curves in T are null-homotopic within M. \ Q (by (b) and by the definition of T) , 
so both (3 and 7' are peripheral within A4\Q. Therefore j' £ Z. □ 
Lemma II. Each curve of Z is a boundary curve of £. 

Proof. Let 7 € T that is not a boundary curve of C. We just need to show that 7 is 
necessarily non-peripheral within A4\Q. 

There is an £-piece S, an A'f-piece Sq and a Riemann sphere C such that 7 is contained 
in the interior of S and S CC 5o C C. Now C\7 has two disc components D±, D2. 

By i) either one disc, say D±, is contained in S and contains at least two points of V C Q, 
or both Z?i,Z?2 intersect CxS 1 . 

In the former case, D\ C 5 C So, so D2 contains dSo, which by assumption is non-empty. 
This implies that 7 is non-peripheral within So^Q. 

In the latter case, as 7 C S, each Di contains a component of C\S\ By Condition (**), 
each Di contains either a curve in 8Sq or points in Q (or both). Assume by contradiction that 
7 is peripheral within S*o\Q. Then one of Di,D2, denoted by D, contains a unique point 
of Q and no boundary component of So- We have D C Sq. But 7 is not peripheral within 
S\V by i). So D is not contained in S. Therefore D contains components of C\5. Let A 
be one component of CxS 1 contained in D. Then A is bounded by a curve 5 which is also a 
boundary curve of S. By Condition (**) again A must intersect 8Sq U Q. But A C D C Sq. 
So An dSo = 0. On the other hand, Dd Q consists of a single point, denoted by a. So a G A. 
This shows that D contains a unique component of C\5. By iv) 7 n dS = 0, so D contains 
a unique boundary curve of S, which must be 5. Furthermore the annulus .A (7, 5) does not 
contain a. Therefore A(j, 6) C S and 

A(7,<5) C LK{a} = ZKQ C D\7>. 

So ^4(7,(5) C S\V. This means that the boundary curve 5 of S 1 is homotopic to 7 within 
S\V. This is not possible by iv). □ 

Lemma III. There is a power q > 1 such that (Wz) q = O. Therefore \(Wz) = and 
\(Wx) = A(W T ). 

Proof. Let £/ be the union of Z with the curves in dC that are peripheral within C\V 
(these added curves are disjoint from curves in Z by i) and iv) ). By Claim II every curve in 
Q is a boundary curve of C. 

By definition a curve 7 G <9£ is peripheral if it is the boundary of an £-piece D{p/) 
(therefore D(-y) is a disc) with #£(7) n? = l. Note that D(j) c£cM. 

Let 7 G £/. Then 7 bounds a disc -0(7) which is contained in A4 and which contains a 
unique point 0(7) of Q. 

We decompose <5 into Q p U C/o according to 0(7) is periodic or not. 

By Basic pull-back principle, for all k > 1, the components of G~ k {D{^)) are all disc-like, 
and each is bounded by exactly one curve of of G~ k {^). 
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Assume 7 E £/o> so that 0(7) is not periodic (as G is postcritically finite, the orbit 
of 0(7) is either preperiodic or eventually escapes B). Then there is an integer £(7) > 1 
such that G- fc W(a( 7 )) contains no points of Q. But G~ k {D(~f)) n Q C G _ *W(o(7)). So 
G- fc W(D(7)) n Q = 0. Thus the curves in G k ^{^) are null-homotopic within M.\Q and 
hence are null-homotopic within C^V by (b). Therefore for all k > k(j), the curves in 
G~ k {l) are an null-homotopic within 

There is therefore a common integer so that for every 7 E £/0) the curves in G~ k (j) are 
all null-homotopic within C\V. 

Let now 7 € Gp, he. with 0(7) periodic. Set a = 0(7). Denote by p its period. This 
implies in particular that the orbit of a does not escape A4, so a E i^c = -fCj? C £. 

Denote by {771, • • • , ry m } the curves in Q homotopic to 7 within .M\Q, i.e. each rjj bounds 
a disc D(r]j) which is contained in M. with D(r]j) n Q = {a}. As j/j (1 77^ = for z 7^ j, we 
have either D(rji) C D{rjj) or D(r)i) D D(r]j). We numerate the 77^ 's in the increasing order, 
i.e. such that D{rjj) contains D(rjj-i) and r/j-i- The smallest disc D(rji) must be contained 
in £, since there is no curve in separating a E £ from 771 C <9£. Therefore D(rj\) is an 
£-piece, and 771 is peripheral within C\V. 

Fix j E {1, • • • , 771} . The components of G~ p {D{rjj)) are all disc- like, with one of them, 
denoted by D(j3j), containing a, and the others containing a preimage of a that is not periodic. 

Therefore G~ p (rjj) = F~ p (rjj) has a unique component (3j, which is the boundary of 
D(Pj), homotopic to 7 (and to {a}) within A4\Q, and the other components are either 
null-homotopic or homotopic within C\V to a curve in Qq. 

Claim. D(Jh) C D(r]i) and D(f3j) C for j = 2, ■ ■ ■ ,m. 

Proof. At first the enlarged collection of curves {771, • •• ,r] m ,[3i,--- ,/3 m } are mutually 
disjoint. This is clearly true between the rjj's and between de f3j's. But (3j n rji = as well, 
as r/i C <9£, i3j C F~ P (C) and F~ P (C) is contained in the interior of £. 

Therefore the discs D(rji), D((3j) are nested in a certain order. 
We prove now that j3j C D{rjj) for j = 1, • • • , m. 

We prove it at first for j3\. Note that \3\ is the boundary of E±, the component of 
F~ p (D{rji)) containing a. But F~ p (£) is contained in the interior of C, so £1 is contained in 
the interior of an £-piece, which must be D(rji), i.e. (5\ C D{rji). 

Assume by contradiction that there is a minimal integer j > 2 such that (3j <f_ D(rjj). Then 
0j n -Dj = (due to again, F~ P (C) n <9£ = 0). The annulus A(rjj,rjj-i) is contained in D(j]j) 
therefore in A4. So its inverse images by G are well defined. By the Basic pull-back principle 
the components of G~ p (A(rjj,rjj_i)) are all annuli. One of them must be A(j3j, 1), which 
contains A(rjj,r]j-i) as a sub-annulus. Therefore 

G m {A{rj 3 ,i lj _ 1 )), m = (),■■■ ,p-l 

are all contained_in B = G -1 ^). Set A' = (JJ£j, Gm ( A (r)j, Vj-i))- Then c 
Trivially either A(rjj,rjj_i) is an £-piece or there is a point z E A(rjj,rjj-±) n (£>\£). The 
former case is not possible, as components of F~ p (£) are compactly contained in C. In the 
latter case, the G-orbit of 2 never escapes A' which is a subset of B, so z E ifc- This is again 
impossible as Kg = -^F C £ and z ^ £. 

This proves that /3j C D{rjj) for all j = 1, • • • , m. It follows that D((3j) C D(j)j). 

Fix j = 1, ■ • • ,m. Denote by £7 the £-piece containing rjj as a boundary curve. Thus 
Si = D(rji). We want to show now for j > 2 either Sj n D(rjj) = or Sj = A(r]j,r]j-i). 
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Assume Sj n fl(?|j) / 0. We have Sj C Dj\{a}. Then r)j-i C dSj since no curve in dC 
separates rjj from r)j-\. So Sj C A(rjj,r]j^i) C .A/fxQ. But 5j can not have other boundary 
curves due to Condition (**). Therefore Sj = A(rjj,r]j-i). 

It follows 5*2 = S3 = ^4(772,773), and more generally Sj = £j+i = A{rjj,rjj + \) for any even 
number j with 2 < j < m. 

Fix j = 1, • • • , m. We have /?j C F~ p (£) C £. Let S" be the £-piece containing /3j. We 
want to show that S' is one of Si. 

If (3j C D(r]i) then 5' = D(rji) = Si. Otherwise S' has a boundary component 77 
separating a from f3. Therefore 77 is one of rft and 5' = Si. 

Let now j be an even number with 2 < j < m. We know that (5j C D(rjj) and /3j C 5j 
for some i. Therefore Si C D(r]j-i). But /3j n 77^—1 = 0. So f3j C D(rjj-\). Furthermore, 
A(Pj, /3j+i) is a component of F~ p (Sj), so must be contained entirely in the £-piece 5j. 
Therefore C D(rjj-\) and consequently C D(r)j-i). 

This ends the proof of the claim: D(f3j) C D{r)j-\) for any j > 2. 

Note that in each component of G~ p (D(r] m )) the G p -preimages of the discs D(j]i), D(f3j) 
are nested in the same order. There is therefore qj, such that for any n > (/j, all curves of 
G~ np {rjj) are either null-homotopic or homotopic within D(r/i)\{a}, therefore within C\V, 
to 771, which is a curve in dlZ. 

Combining these arguments together, we find a q, such that every curve in F~ q {Q) is 
either null-homotopic or homotopic within £\V to a curve in dlZ. So (Wz) q = O. 

Therefore \{W Z ) = and \{W X ) = \{W T ). □ 
2. Curves in X that are homotopic to each other within A4\Q. Now we decompose 
X = T\Z into Xi U • • • U X\. according to the homotopy within 7W\Q, i.e., two curves in X 
are homotopic within M \ Q if and only if they belong to some subset Xi . Pick one curve 7$ 
in each Xj and set T := {71, • • • , 7^}. Clearly T is a multicurve within .M\Q . 

Set Dr ■= (hj) the (G, Q)-transition matrix of T. Set Wx '■= (05/3)- By definition 

where ^ is the collection of curves in G -1 (7j) homotopic to 7$ within .M\Q; ^"5/3 is the 
collection of curves in homotopic to 5 within We claim that, 

G<5/3 S Oij . 

sex, 

Assume at first (3 = 7^ . We have 

UtfeXi = iv e ^ (7.?')i 3 5 G such that 77, <5 are homotopic within £\P} 

C {?? € i ? ~ 1 (7j), 3 5 6 Xj such that 77, <5 are homotopic within .M\Q} 
= {77 G G _1 (7j), 3 5 £ Xi such that 77, <5 are homotopic within .M\Q} 
= {77 £ G _1 (7j),?7,7i are homotopic within A^\Q} 

= , 

where the inclusion is due to (a), and the second equality is due to F~ 1 (^j) = G (jj). 
Therefore 

Y = Y Y Hpo-CF • n, ZL rvA = Y 



deg(F : a ^ 7j) ^ deg(F : a -> 7i ) 
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" ^ deg(G:a- 7 j) ^ ' 
This implies the claim for /3 = -jj. 

When /3 7^ 7j, replace 7,- by (3 in T. The replacement does not change the transition 
matrix Dp. So the claim is still true. 

Applying now Corollary IA.6I from linear algebra, we have X(Wx) < X(D-p). 

But A(-Dr) < 1 as (G, Q) has no Thurston obstructions. Consequently \(Wt) = X(Wx) < 
1. So {F,V) has no Thurston obstructions. □ 



5 Constant complexity under pullback 

We are now searching for repelling systems with some specific properties such that on one 
hand we are capable to solve their problem of c-equivalence to holomorphic models, and 
on the other hand they appear as sub-systems of any repelling system. This leads to an 
important class of repelling systems: those of constant complexity. We will prove at first 
that every repelling system contains a sub-system that is of constant complexity. We then 
introduce two particular types of obstructions for this class of maps, and state our Thurston- 
like theorem in this setting, Theorem 15.41 a repelling system of constant complexity without 
these specific obstructions is c-equivalent to a holomorphic model. The proof of Theorem 
15.41 will be postponed to the next sections. We conclude the present section with a proof of 
Theorem 13.51 using Theorem 15.41 

5.1 Definitions 

Let {£ — > C, V) be a marked postcritically finite repelling system. Let S be an £-piece. We 
say that S is simple if either S is annular with S fl V = 0, or S is disc-like with #S D V < 1. 
Otherwise we say that S is complex, i.e. if ^{curves in dS} + #(5 fl V) > 3. 

More generally, let E C C be a bordered Riemann surface. We say that E is simple if E 
is contained in either a closed annulus A in C\V] or in a closed disc D in C, such that D 
contains zero or one point of V in its interior, and that dD n V = 0. Otherwise we say E is 
complex. 

Constant complexity means roughly that under the pull-back by F, both the number and 
the (homotopic) shapes of the complex £-pieces remain stable. More precisely: 

F 

Definition 5. Let {£ — > C,V) be a marked postcritically finite repelling system. We say 
that (F,V) is of constant complexity, if every complex £-piece S, if any, contains an 
£-piece Eg such that Eg fl V = S n V and that the components of S\E$ are either annular 
or disc-like (this implies in particular both Vf,V are contained in Kp). 

Such Eg is said to be parallel to S. One way to obtain a parallel subsurface of S is as 
follows: first thicken the boundary of S (without touching V) to reduce S to a sub-bordered 
surface E', then dig a few open holes compactly contained in interior (E')^V , the result is a 
bordered surface E parallel to S (see Figure [2]). 

For an example one may take g(z) = z 2 — 1. Cut off a suitable neighborhood of V g = 
{oo,0, —1} to obtain a puzzle neighborhood C of the Julia set so that g~ l (£) CC C. In this 
case C has only one piece S, which has three boundary curves, and Eg = g~ l {C) has four 
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boundary curves. Now g : g 1 (C) — > C is a repelling system of constant complexity. For 
details and further examples, see 36.11 



5.2 Achieving constant complexity via restriction 

G 

Theorem 5.1. Let (B — ► Ai, Q) be a marked postcritically finite repelling systemwith dAi ^ 
0. Then there are two puzzle surface neighborhoods £,C of Kq satisfying: 

(*) K G cc £ cc C cc M, £ = G _1 (A Q n K G = Qn £; 

(**) f or every C-piece S, and for the Ai-piece So containing S in the interior, and for the 
copy C of the Riemann sphere containing So (therefore S), every (disc-like) component 
o/C\5 contains either components of dSo or points of Q (or both); 

(***) the sub-repelling system F = G\g : £ — > C, marked by QdKg, is of constant complexity. 

To prove the theorem, we need the following process together with its two properties: 
Hole-filled-in process. Let So be an .M-piece. It is contained in a Riemann sphere C. Let 
E C So be a bordered Riemann surface. The filled-in of E, denote by E, is defined to be the 
union of E with all components of E c = C\E disjoint from dSo U Q. Clearly, E C Sq and 
dE C dE. 

Monotonicity Property. Let E\ CC E2 be two nested bordered connected surfaces in Ai. 
Then E\ CC E2. 

Proof. This property is easier to understand from their complements. There is an .M-piece 
So containing both E\ and Ei- Note that E% is a disjoint union of discs while (E2) c is the 
union of some of them which meet dSo U Q. Because E\ DD these discs are compactly 
contained in Ef, which can not be thrown away under filled-in process of E± since they meet 
dS U Q. So ( J Bi) c DD {E 2 ) c and hence %_ CC E 2 . 

Pull-back property. Let S C M be a bordered Riemann surface with dS D Q = 0, and let 
Ei be a component of G~ 1 (5). Let E\ be the component of G~ 1 (S) containing E±. Then E\ 
is again a bordered Riemann surface, and E\ C E\. See the following diagram: 

- fill 
A cS D S 

G | T G 

^ , , conclusion 

Ai C E x = fill(E x ) D E x D Ex 

Proof. Let Aq be the .M-piece containing S and Ai be the A^-piece containing E\. Assume 
Ao C Co and Ai C Ci. Denote by Ei (1 < i < k) the components of G~ 1 (S). Noticing that 
SxS 1 is a union of disjoint open discs, is contained in Ao and is disjoint from Q. Set V = 
G- 1 (S)\G- 1 (S') =G~ 1 (5\5). Then V is also a disjoint union of discs and Vn (dM U Q) = 
(by the Basic pull-back principle). These discs are contained in G~ 1 (S) = UE^ and hence can 
not separate any Ei, i.e. E^V is also connected for 1 < % < k. Therefore E\ = E\\V . Note 
that each component of E\f\V is the union of some components of V which are discs contained 
in Ai\Q. They are also components of A±\Ei. By definition, E\ = E\ U {E\ D V) C E\. 

Proof of Theorem I5.il 

Choice of N' to stabilize the postcritical set. Clearly there is an integer A*o > such 
that for all n > No, we have L n C\Q = KgCiQ, in other words every critical point of G in L n is 
actually in Kq and is eventually periodic. For convenience we will choose N' > max{l, Ao}. 
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Choice of N" to stabilize the homotopy classes of the boundary curves. Note that 
dL n n dL m = if n ^ m. For any integer m > 0, we consider the homotopy classes within 
A4\Q of the Jordan curves in \Jy£ =Q dLk. The number of these homotopy classes is weakly 
increasing with respect to m, but is uniformly bounded from above, as Q U dM has only 
finitely many connected components. There is therefore an integer N" > N' such that for any 
n > N", every boundary curve of L n is either null nomotopic or homotopic, within M\Q, 
to a curve in IJfeLo" 1 ^fc- 

Filled-in for L n . For any two L n -pieces, their filled-in are either disjoint or one contains 
another. Let C n be the union of the filled-in of all the L n -pieces. Then each £ n -piece is the 
filled-in of an L n -piece; for every £ n -piece S : each complementary component of *S* contains 
points of dM U Q (i.e. C n satisfies Property (**)). Note that the total number of £ n -pieces 
might be less than that of L n -pieces, as some L n -piece might be hidden in the hole of another, 
thus disappears in the filled-in process. 

It is easy to check from the definition that if S piece, then S is a 

G-complex £ n -piece. 

Assume that E is a component of G~ 1 (S) where S is an L n -piece. Let E be the component 
of G~ 1 (S) containing E. Then EC E CC C n by the pull-back property and the monotonicity 
property of filled-in, as E is an L n+ i-piece and hence is contained in an L n -piece. Combining 
with the fact that each £ n -piece is the filled-in of an L n -piece, we have G~ l (C n ) C £ n +i CC 
C n . Note that G _1 (£ n ) n Q = C n n Q = K G n Q for all n > N'. 

Choice of iV to stabilize the number and the shape of the complex pieces. From 
now on we assume n > N". We claim that for k > 1, each non- null- homotopic (within 
-M\Q) curve 7 on G~ k (dC n ) is homotopic to a curve on dC n within M.\Q. Note that 
7 C G" k (dC n ) C G~ k (dL n ) = dL n+ k- By the stability of the homotopy classes of boundary 
curves, there is an integer m with m < N" < n so that 7 is homotopic (within A^\Q) to 
a curve [3 on dL m . Because L n+ k CC L n CC L m , there exists a curve a on dL n so that 
a separates (3 from 7. So a is also homotopic (within A^\Q) to 7. Let S be the L n -piece 
containing a. The fact that a is not null-homotopic implies that S is a £ n -piece and a C dS. 
The claim is proved. 

Let S be a G-complex £ n -piece. Assume that E\ and E2 are G _1 (£ n )-pieces in S and 
that Ei is G-complex. Then there is a closed curve 7 on dE\ such that 7 separates -Ei\7 
from E2. If 7 is null-homotopic within A^\Q, then is simple and E2 n Q = 0. Assume 
that 7 is non-null- homotopic within A4\Q. From the above claim, we have a curve a on dC n 
such that q is homotopic to 7 within A'fxQ. Moreover, a can be taken on dS since Ei C S. 
Now the closed annulus enclosed by 7 and a, denote by ^(7, a), is disjoint from dM. n Q. It 
contains either £1 or E2 because 7 separates £^1x7 from £2- Because £1 is G-complex, we 
see that E2 C A(j, a) and hence E2 is G-simple and £"2 H Q = 0. 

The above argument shows that S" contains at most one G~ 1 (vC n )-piece that is G-complex. 
In case that S contains a G-complex G _1 (£ n )-piece Eg, other G -1 (£ n )-pieces in S are simple 
and disjoint from dM. n Q. Combining with the fact that G~ 1 (£ n ) fl Q = C n fl Q, we see 
that E s n Q = S n Q. 

We can show now that each component of Eg contains at most one component of OS. 
Let D be a component of Eg and 7 = dD n <9£/5. If 7 is null-homotopic within A4\Q, then 
D contains no component of dS since each closed curve in dS is non-null-homotopic rel Q. 
Now assume that 7 is non-null-homotopic rel Q. Then there is a curve f3 on 55 homotopic 
to 7 within A4\Q. Therefore the closed annulus A(j,/3) bounded by 7 and (3 is contained 



23 



in jVKQ. 

If (3 C A> c , then Ag C A{^,(5). This contradicts to the fact that Es is G-complex. 
So [3 C ZX Thus -A (7, (3) <Z S since S* is the filled-in of an L n -piece. Therefore no other 
components of dS is contained in D. This implies that components of S\E$ are either 
annular or disc-like. 

Let s n be the number of G-complex £ n -pieces. Let t n be the number of G-complex 
G~ 1 (£ n )-pieces. Then t n < s n since each G-complex £ n -piece contains at most one G- 
complex G~ 1 (£ n )-piece. We claim that s n+ \ < t n . 

Let E\ and E2 be distinct G-complex £„ + i-pieces, where E\ and E2 are A n+ i-pieces. 
Then E\ and A 2 are also G-complex by the definition. Note that L n+ i C G~ l (L n ) C C n +i- 
We have two distinct G _1 (£ n )-pieces E\ and A2 such that Aj C Aj C A, (i = 1,2). Again 
Ai and A 2 are also G-complex. So s n+ i < t n . 

Now we have Sn+i < s n . There is therefore an integer N > A" such that s n = sn for 
> A. 

Define now a new repelling system F : £ — ► £ to be G^-i^^) : G~ 1 {Cn) — ► £at. It is 
postcritically finite with Vf = Fg^K-G C Qfl Ag, and A^? = Ac?. Furthermore (A, Qn Kq) 
is of constant complexity. □ 

5.3 Boundary curves and complex pieces 

We now turn to the study of properties of constant complexity maps. 

771 

Lemma 5.2. Let {£ — > C,V) 6e a marked postcritically finite repelling system of constant 
complexity. 

1. For any n > 0, any curve in F~ n (dL) is either null-homotopic or homotopic to a curve 
in dL within £\7-\ 

2. For any complex L-piece S, there is a unique S-piece Es parallel to S, and F(E$) ='■ S' 
is again a complex L-piece. 

3. A* : Si — » 52 if F(Es 1 ) = S2 is a well defined map from the set of complex L-pieces 
into itself. Every such L-piece is eventually periodic under A*. 

4- For any complex L-piece S and any integer m > 1, there is a unique F~ m (L)-piece E 
in S parallel to S. Moreover, F m (E) is again a complex L-piece. 

Before proving it we will decompose L following its topology and its intersecting property 
with V. Let 5 be a £-piece. We say that S is of .A-type if S n V = and S has exactly 
two boundary curves; is of O-type if S Pi V = and S has exactly one boundary curve; is 
of 7£-type if S n V is a single point and S has exactly one boundary curve; is of C-type if 
#(50?) + ^{boundary curves} > 3 (see table (jlj) ). Note that an £-piece is complex iff it 
is a C-piece. 

We now decompose L into C U 1Z U A U O with C the union of C-type pieces, 1Z the union 
of 7£-type pieces, A the union of .A-type pieces and O the union of O-type pieces. It may 
happen that some sets among 0,A,1Z,C are empty. See examples in E l6.ll 
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Classification of £-pieces S 



n"P\shape 


1 boundary curve 
(disc) 


2 boundary curves 
(annulus) 


> 3 boundary curves 

(pants, pillowcase 
without corners, etc.) 


snv = 
7 C dS is 


0-type 
null- nomotopic 


.4-type 
non-peripheral 

dS = dS u d + S 


C-type 
non-peripheral 


/ 

7 C 95 is 


#snv = i 

7Z- type 
peripheral 


#snv > l 

C-type 
non-periph. 


C-type 
non-peripheral 


C-type 
non-peripheral 



(4) 



Proof of Lemma \5.%h (1). Due to the basic pull-back principle we just need to prove it for 
n = 1. Let 7 be a boundary curve of C Then 7 is a boundary curve of some £-piece S. 

If S is of O-type, then all components of F~ 1 (S) are discs in C and are disjoint from V . 
Therefore all curves in i ?_1 (7) are null-homotopic. 

Recall that by the definition of constant complexity, each C-piece S' contains a unique 
complex £-piece E$' and Es> is parallel to S'. 

If 5 is of ,4-type or 7£-type, then each component E of F~ 1 (S) is contained in 

OuAuTZU (J S\E S , . (5) 

S': C— piece 

But each component of S'^Eg' for a C-piece S' is either an annulus or a disc, and is contained 
in C\V. So each boundary curve of E, in particular each curve of F^ 1 ^), is either null- 
homotopic or homotopic to a curve in dC. 

Finally if S is of C-type, then a component E of F~ 1 (S) is either equal to Eg/ for some 
C-piece S' , or is contained in (j5J) . In any case each boundary curve of each of E, in particular 
each curve of F _1 (7), is either null-homotopic or homotopic to a curve in dC. 

(2) . The existence of E$ is given by the definition of constant complexity. Its uniqueness 
follows from the fact that components of S^Es are annular or disc-like and are disjoint from 
V . We know that S' := F(Es) is again an £-piece. It must be also an C-piece since each 
component of the F-preimage of a simple £-piece is also simple. 

(3) . Clearly F* is well defined due to (2). Since the number of C-pieces are finite, each of 
them is eventually periodic under F*. 

(4) . Let S be a C-piece. We have seen from (3) that S' := F{E$) is again a C-piece. By 
definition of constant complexity, we know that S' = Eg> U (Uj^4j U» Dj), with Ai annuli and 
Di discs, and that (U^, Uj Dj) V\V = 0, and that one component of dA{ is contained in dS' . 

There are no complex i ?_2 (£)-pieces in UjAj Uj Dj. By the basic pull-back principle, 
Eg := Es n F~ 1 (Es') is connected. It is reduced from E$ after thickening the boundary 
and then cutting off a few disjoint holes (without touching V D Eg). This implies that Eg is 
parallel to S. So Eg is complex. Clearly, there is no other complex i ?_2 (£)-piece in Es- 

Inductively, for any integer m > 1, there is a unique complex i ?_m (£)-piece Eg 1 in S and 
Eg 1 is parallel to S. Moreover, F m {E 1 g) is again a C-piece. □ 
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5.4 The boundary multicurve 

Let {£ — » jCjT 7 ) be a marked repelling system. 

We consider now the boundary curves 7 of C that are non-peripheral (within C\V) (i.e. 
either 7 is the boundary of a disc piece -D, with #D n "P > 2, or 7 is a boundary curve of a 
non-disc piece). This set might be empty, or some of the curves might be homotopic to each 
other (for example the two boundary curves of an annular component of C\V). In any case 
we give the 

Definition 6. A boundary multicurve Y of (F, V) is a collection of curves in dC representing 
all the homotopy classes within C\.V of the non-peripheral curves in dC. 

Then boundary transition matrix Wy = (a^-) is defined by 

^ = 5deg(F:!-7,)' (6) 

where the sum is taken over all the Jordan curves (if any) of a C F~ l (^j) that are homotopic 
to 7i (within C\V). 

We will say that (F,V) has a boundary obstruction if Y 7^ and X(Wy) > 1. 

In general Y is not (F, "P)-stable, or even worse, we might have Y 7^ and Wy equal to 
the zero matrix. 

Assume from now on that (F,V) is also of constant complexity. Then Y is (F, 7 3 )-stable 
by Lemma l5.2i It can be described more explicitly using the above classification of £-pieces: 

A closed curve in dC is null-homotopic iff it is contained in dO, is peripheral iff it is 
contained in &1Z. Two closed curves in dC are homotopic iff they are the boundary curves of an 
.A-piece. Label by + and — the two boundary curves for each ^4-piece S, i.e. dS = d + S\Jd-S. 
Let d + A and d-A denote the union of the corresponding boundary curves of every ^4-pieces. 
Then the boundary multicurve Y can be taken to be the collection of closed curves in dCUd+A. 

Polynomials with all critical points escaping to 00 provide examples, when restricted to 
a suitable neighborhood of the Julia set, of repelling systems with Y = 0. For an annuli 
covering F : £ — > A with A = A\ U • • • U (see Lemma 13. ip , the set Y consists of k 
boundary curves of A, one in each Ai, and the (F, 7 7 )-transition matrix Wy coincides with 
the transition matrix D defined in 33.11 For further examples see 36.11 

5.5 Renormalizations and renormalized obstructions 

A repelling system of constant complexity has another, somewhat more important property: 
it admits renormalizations and they behave like postcritically finite branched coverings of C. 

Definition 7. A marked postcritically finite repelling system {E — > S, V) of constant com- 
plexity is of Thurston type if both E and S are connected, and 

#{SnV) + #{boundary curves of S} > 3. 

In other words, S, E C C are quasi-circle bordered Riemann surfaces, E is compactly con- 
tained in the interior of S, the components of S~^E are either annular or disc-like, H : E — > S 
is an orientation preserving branched covering, with a finite (or empty) postcritical set Vh 
which is contained in E, the set V C E is a finite (or empty) set containing both H(V) and 
Vh, and #(5 + ^{boundary curves of S} > 3. 
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Again, an example can be provided by the map g(z) = z 2 — 1, with S equal to C minus 
a suitable neighborhood of oo,0, —1, and with E = g~ 1 (S). 

Let {£ — > C,V) be a marked postcritically finite repelling system of constant complexity. 
Assume C ^ 0. By Lemma 15.21 we have a map -F* defined on the collection of C-pieces by 
F*(Si) = S-2 if F{Es 1 ) = S2 where Es 1 is the unique £-piece in Si parallel to Si. Assume that 
S is an C-piece that is p-periodic under F*. Let E be the unique i ?_p (£)-piece in S parallel 
to S. Then F P (E) = S. Denote H = F p \e- Then H : E — > 5 is a repelling system satisfying 
that Vh C Vf H S C V n S ', and that, marked by "P n 5, the marked system (H, V n S) is of 
Thurston type. 

Definition 8. We will call the marked repelling system {E — > S, TT)S) a renormalization 
of (F,V). We say that (F,V) has a renormalized obstruction if it has a renormalization 

(i?->5,'Pn5) that has a Thurston obstruction. 

Lemma 5.3. Let (£ — > C, V) be a marked postcritically finite repelling system of constant 
complexity. If (F,V) has no Thurston obstructions, then it has no boundary obstructions nor 
renormalized obstructions. 

Proof. As (F,V) has no Thurston obstructions, we have X(Wt) < 1 for the transition matrix 
Wt of every multicurve T in £\V, in particular for T equal to the boundary multicurve. 
Therefore (F, V") has no boundary obstructions. 

It remains to show that any renormalization H : E — > S marked by V := V fl S has 
no Thurston obstructions. Assume by contradiction that \{W-p) > 1, for some (H, "P)-stable 
multicurve T, with (H, "P)-transition matrix Wt- 

Let So(= S), Si, ■ ■ ■ , Sp-i be the F^-periodic cycle of S. Let E% be the unique <?-piece in 
Si parallel to Si, i = 0, 1, • • • ,p— 1. Set T p := T. Define inductively, for i = p— l,p— 2, • ■ ■ ,0, 
the multicurve Tj C F _1 (rj + i) n Ei representing the homotopy classes (within Si\V) of the 
non-peripheral curves in F _1 (r i+ i) HEi. By stability of F, each curve of Tq is homotopic to 
a curve in T p . 

Consider F' : [j i Ei —> [j i Si as a repelling system. Set T' = TiU- • -UTp. It is a multicurve 
within [JiSi^V, therefore within Denote by Wr' its (F, 7 3 )-transition matrix and by 

W its (F' , 7 7 )-transition matrix. Then the p-th power (W') p restricted to T p is equal to Wr- 
Therefore 

1 < X(Wr) < \{{W') P ) = \(W') P . 

But each entry of W 1 is less than or equal to the corresponding entry of Wr"- Therefore 
A(W) < A(Wr'). This implies that A(W r >) > 1. This contradicts the assumption that (F,V) 
has no Thurston obstructions (by Lemma l4.2j) . □ 

We can now state our Thurston-like result in this setting, whose proof will occupy Sections 

EE 

F 

Theorem 5.4. Let (£ — > C, V) be a marked postcritically finite repelling system of constant 
complexity. Assume that {F,V) has no boundary obstructions nor renormalized obstructions. 
Then (F,V) is c-equivalent to a holomorphic model. 

5.6 Proof of Theorem 13.51 using Theorems 15.41 



Proof of Theorem 13,51 Let (B — ► A4, Q) be a marked postcritically finite repelling system 
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without Thurston obstructions. We will prove that (G, Q) is c-equivalent to a holomorphic 
model. 

As first we apply Theorem 15. II to (G, Q) to show that it has a postcritically finite repelling 
system restriction F : £ — > £ near Kq which, marked by V := Q fl Kg, is of constant 
complexity, and satisfies the conditions in Theorem 14.11 So we may apply Theorem 14.11 (B) 
to show that (F, V) has no Thurston obstructions. Lemma [5 . 3 1 then leads (F, V) to the setting 
of Theorem 15.41 i.e. (F,V) is of constant complexity, and has no boundary obstructions nor 
renormalized obstructions. Now we may apply Theorem 15.41 to conclude that (F,V) is c- 
equivalent to a holomorphic model. Finally we conclude for (G, Q) using Theorem 14.11 (A). 



Note that it could be more difficult to check the condition of Theorem 11.11 and Theo- 
rem 13.51 namely G has no Thurston obstructions. Whereas Theorem 15.41 turns it into the 
problem of checking the leading eigenvalue of Wy for a single multicurve Y, and then the 
absence of Thurston obstructions for postcritically finite branched coverings (arising from 
the renormalizations), to which there is a huge literature (see for example the references in 
[ST]). This form is particularly suitable for combination of rational maps, i.e. starting with 
postcritically finite rational maps (thus already holomorphic) as the renormalizations and 
glue them suitably together. 

6 C-equivalence to holomorphic models 

From now on we concentrate on the proof of Theorem 15.41 a marked postcritically finite 
repelling system of constant complexity without boundary obstructions nor renormalized 
obstructions is c-equivalent to a holomorphic model. In this section we will prove the theorem 
for the non-renormalizable case. In this case only Grotzsch inequalities are needed, but not 
the original Thurston theorem. 

Recall that from Definition 4 and Lemma 12.31 that a marked repelling system(£ — ► C,V) 

is c-equivalent to a holomorphic model, if there is a marked repelling system(£' — > £ ,V') 
with R holomorphic, and two quasi-conformal homeomorphisms : C — > C, $ : C — > £ with 



□ 



$ o Q(£) =£', $ o 0(V) = V 

Ro^o Q\ £ = $of 

is isotopic to the identity rel V U dC 



6.1 Examples 



Example 1. 




C = Q, £ = Ei U E2, with Q, E\,E<i quasi discs. 
F : Ei — > Q are quasi-conformal homeomorphisms 

r = $. 
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Example 2. 




C = A, S = Ax U A 2 , 
with A, A±, A2 closed annuli. 
F : Ai — ► A are degree di 
quasi-regular coverings. 
V = %. 



Lemma 6.1. The map F in Example 1 is always c- equivalent to a holomorphic model, 
whereas in Example 2 it is so if and only if ^ + ^ < 1 ■ 

Proof. Let F : E\ U E 2 — > Q be as in Example 1. 

1. Construct at first the model map R by setting E[ = Ei, Q' = Q and by choosing 
R : -E^ — > Q' any conformal homeomorphism. 



2. Set $ = id : Q -» Q. 



3. Set 



lag 



R- 
id. 



F 



Then i? o $ o 0| B . = $of. 



4. Extend homeomorphism of Q. 

5. One checks easily that this 9 is isotopic to the identity rel dQ. 

Let now F : A\ U ^2 — > A be a map in Example 2. Note that A has a unique multicurve 
r, up to homotopy, with T consisting of a boundary curve of A. Its F-transition matrix 
has only one entry, which is ^- + gj. Therefore -F has a Thurston obstruction if and only if 

If F is c-equivalent to a holomorphic i? : A'j U ^ — > A' . Then by Grotzsch inequality 
J- + J- < 1 

<fl + d 2 ^ 

Conversely assume ^ + j- < 1. 




a. a. Construct at first a round modulus A' of modulus, say v. And let <I> : ^4 — > A' be a 
qc-homeomorphism. 

b. Construct then two disjoint essential round submoduli A'i,A 2 in A' of moduli u/di and 
v/d 2 respectively, and displaced in the same order as the ^4j's in A. This is possible 
precisely because < 1- Choose R : ^4- — ► A' a holomorphic covering of degree dj, 
matching the boundary correspondence as F. 



c. Pull-back A\ by $ 



29 



d. Set 



\dA 



o R o o F : yli — ► S -1 ^ 

id 



e. Extend 9 as a qc-homeomorphism A — > A Then i? o <£> o #|^. = $of. 

f. Via Dehn twist on A\(^4i U A2) to modify the extension so that 0{(3) ~ /?. 
This guarantees that 6 is isotopic to the identity rel dA. 



□ 



Example 3. Let L be a pair of trousers bounded by three quasi-circles 70, 7-1,7*. Let E C L 
be a surface bounded by four quasi-circles (3q, /3_i, /?*, with /3i bounding a complementary 
disc of E that is entirely contained in L, and with each other fii bounding a complementary 
disc of E that contains the corresponding 7$. Let H : E ^ L be & quasi-regular covering of 
degree 2. Again Vh = V = 0- And # is of Thurston type. 

The boundary multicurve Y is simply {70, 7_i, 7*}. For example if we require H :/?*—> 7* 
to be degree 2, i7 : (3±i — > 70 of degree 1 and H : (3q — > t_i of degree 2, then the transition 

matrix Wy is 1 with leading eigenvalue 1 / \/2- Such a map behaves like z 2 



,0 



±1 



On the other hand, if we require instead H : (3* — > 7* to be degree 2, H 
of degree 1 and H : (3q — ► 70 of degree 2, then the transition matrix Wy is I 1 



71 



(r 



.0 



1 



with leading eigenvalue 1. This H can be constructed more explicitly as follows (suggested 
by X. Buff): Let g(z) = z 2 . Let L be C minus a small round disc of radius e around each 
of the three points 0, 00 and 1. Let E' = g~ l (L). As 1 is a repelling fixed point of g, 
E' is not compactly contained in L and g : E' — > L is not a repelling system. Let now 
rj : D(l, 2e) — ► D(l, 2e) to be a homeomorphism fixing pointwisely the boundary and center, 
mapping the boundary component of E' into the interior of L. Extend rj elsewhere by identity. 
Set H = 5 or/- 1 : rj(E') — ► L. 

Note that every non-peripheral curve is homotopic to one of the curves in Y. So H has 
a Thurston obstruction if and only if A(Wy) > 1- 




Lemma 6.2. T/iis is c- equivalent to a holomorphic model if and only if the H -transition 
matrix ofY = {70,7-1, 7*} has a leading eigenvalue A < 1. 



Proof. Mark one point in each complement component of L. Denote the marked set by V. 
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Extend H as a quasi-regular branched cover H of C such that the critical values are in V 
and H(V) C V, and that H is holomorphic outside L. In particular H is postcritically finite. 

Assume at first the H is c-equivalent to a holomorphic model. Then by Lemma 12.31 there 
is a quasi-conformal automorphism 9 : L — > L, isotopic to the identity rel <9L, and a Beltrami 
differential \x supported on L with ||/i||oo < 1 , such that (Ho 9~ 1 )*[i = 

Proceed now at in the proof of Proposition 12.41 Extend 9 to be equal to the identity 
outside L. Set H\ = H o Extend /z outside L by /x = 0. Let <j>\ : C — > C be a global 
integrating map of this extended /i. Set if 2 := 4>ioH\o <j)^ . Then i?2 is again quasi-regular, 
and is holomorphic in the interior of <f>i o 9(E) and in (j)\(L). Elsewhere each i^-orbit passes 
at most once. We spread out the Beltrami differential v$ = using iterations of H2 to get an 
f/2-invariant Beltrami differential v. Note that v = on <fii(L), and || 

^11 00 ^ 1- Integrating z/ 

by a quasi-conformal homeomorphism ^2 (necessarily holomorphic on <pi(L)), we get a new 
map f '■= <f>2 H2 o cj)^ 1 which is a rational map and is c-equivalent to H2, therefore to H. 
See the following diagram. 

(C, E ) -U C C C 

Hi I Hi [H 2 if 

(C,L) C C C 

Set = (faofii. Then 4>(dL) is contained in the attracting basins of /. But / is postcritically 
finite, each attracting cycle must be superattracting. It follows that the boundary multicurve 
of the repelling system/|^ o0 ^) has leading eigenvalue < 1. Therefore XiWy) < 1 for our map 
H. 

Conversely, assume that A(W / y) < 1 f° r H. The fact that #V = 3 implies that (H,V) 
has no Thurston obstructions. By Thurston theorem there are $ = id, homeomorphism, 
and / a rational map, such that / o \& = $ o H, and that ^ is isotopic to <I> rel V . 

Let v be a positive vector so that Wyv < v. Change $ within its isotopy class to <f> so 
that 0(7), for any 7 E Y, is an equipotential in a Fatou component E of /. Further, the 
annular component of S\0(7) is of modulus ^(7). Let ip be the homeomorphism isotopic to 
^ so that / o if) = (f> o H. Now Wyv < v assures that ip(E) is compactly contained in <p(L). 

Use Lemma |D. II to modify tp on L^E so that ip is isotopic to </> rel C\L, and / o ip\g = 
(j>\ L oH. □ 

Example 4. The following F : (J -E 1 * — > S U j4 is an unbranched repelling system of constant 
complexity. 




C = S U A, S is a pair of pants, A is an annulus 
F : Ess S, Eas S are coverings 
1 F : E^Aj A are coverings, V = 0. 

In this case the boundary multicurve Y consists of the three boundary curves 71,72,73 
of 5 together with one of the two boundary curves, named by 74 of A. And F has only one 
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renormalization (Ess ~~ > S). 

Lemma 6.3. If the F -transition matrix Wy ofY has leading eigenvalue less than 1, then F 
is c- equivalent to a holomorphic model. 

Sketch of the proof. Let v = (v±,V2,vs,V4) be a vector with each v $ > such that Wyv < v. 
Set H = F\e ss - Now the boundary multicurve is simply {71,72,73}, the its ff-transition 
matrix is a submatrix of Wy, therefore D^u < u for u = (v 1, t>2, V3). We may then, as in 
Example 3, construct (p,ip making H c-equivalent to a holomorphic model /, so that 0(7i) 
has the potential prescribed by Vi, i = 1,2, 3. 

But the presence of Eas requires further control of (f), tp. 

Fix M > a large number. Modify again <fi, ip (but not /) according to the vector Mu. 
Let now A' be a round annulus of modulus Mv^. 

Fill in the hole in Eas to get Eas that is an essential annulus is A. Denote by a, (3 the 
boundary curves of Eas ■ 

Assume, say, F maps a to 71 with degree d\, and @ to 72 with degree di- Then a candidate 
E' AS has a modulus bounded by + ^jp- + C with a constant C independent of M (due 
to LemmaEH). Choose M so that C < Minf^Uj - (Wyv)i). 

Set then ^ = f~ l (S') = ^(E ss ). 

Now (Wy(Mu))j + C < Mvi guarantees that one can insert two disjoint essential an- 
nuli E' AS ,E' AA1 in A', and insert an essential annulus E' SA1 in the corresponding annulus of 
S'\E' SS , together with a model holomorphic covering R : E^- — ► A',E'^ S — > 5' with the 
same degree as -F and the same boundary correspondence. Then the construction of 9 is 
similar. 

Details are provided in ^8l □ 

6.2 A criterion for c-equivalence to holomorphic models 

The following simple remark turns concept of c-equivalence into a more practical form: 

Lemma 6.4. Let (£ — ► fee a marked postcritically finite repelling system. Then (F,V) 

is c-equivalent to a holomorphic model if and only if: for each C-piece S, there is a pair of 
quasi- conformal homeomorphisms 6s '■ S — > S , efts '■ S — > S' C C5/ (Tiere we consider C5/ as 
a distinct copy of the Riemann sphere), such that: 

(a) 9s is the identity on dS U V and is isotopic to the identity rel dS U V . 

(b) For every £ -piece E contained in S, and for S = F(E) (which is again an C-piece), the 
composition Re ■= 4>g F o 9^ o tf>^} is holomorphic in the interior of (f>s °9s(E). See ^ . 

The proof is almost straight forward. One just need to set 9 = <I> _1 o ^ in the definition 
of c-equivalence, and set 9s = 9\s, fis = $\s an d Re = R\<j> s oOs(E)- 

Therefore to prove that (F,V) is c-equivalent to a holomorphic model, it amounts to 
construct <ps, 9s and Re for each £-piece S and each £-piece E in S so that they satisfy (a) 
and (b). In practical the maps 4>s,Re w ih be constructed first. One constructs then each 
&e = &s\ei an d finally glue the various 9e's together to get 6*5. See the following schema: 
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Order of the construction 



V 5-piece E c S, e s \ E =e E ~ <t> s „, (7) 



s 


8 S , 


s 


4>s^ 


S' c C s > 




4. 




l. 




u 




u 




u 


E 


8 S \e=8e 


E 


<t>s 


£' 




3. 


2. 






Fi 








| i. Re holomorphic 


S 


id 


s 


1. 


S' C Cg, 



6.3 Annuli coverings 

Let now / : £ — > A be an annuli covering. In other words, A = A\ U ■ ■ ■ U A^, £ = \_\yg Eijg, 
with each Ai (and E^g) an annulus, and with E^g CC A; for i,j 6 {1, • • • , k} and 5 in some 
finite or empty index set Ay depending on (i, j), and / : E^g — > Aj is a quasi-regular covering 
of certain degree, denoted by dijg. Recall that the transition matrix D is defined by 

D = (aij), ay = j— ■ 
6eA tj 

We will prove the following more concrete form of Lemma 13.11 

Lemma 6.5. For the annuli covering f : £ — > A as above, assume that there is a vector 
v = {v i, • • • , ffc) with Vi > for any i such that Dv < v, i.e. 

Then f : £ — > A is c- equivalent to a holomorphic model R : £' ^ A' with A' = A y U • • • U A' k 
and mod {A^) = vi. 

Here the modulus of a closed annulus will mean the modulus of its interior as an open 
annulus. Now Lemma |A. II relates \{D) < 1 to the existence of such vector v. And Lemma 
13.11 follows. 



Proof of Lemma \6.5\ 

We consider each Ai as embedded in a distinct copy Q of the Riemann sphere. Take one 
more copy Q for each i = 1, • • • , k. 

For each i £ {1, • • • , k}, we will construct a pair [9i, 4>i) such that (see ([9]) ): 

(a) Oi : Ai — > Ai is a quasi-conformal map, with ^I^A; = ^ an d with 9i isotopic to the 
identity rel dAi. The set 6i(Eijg) is denoted by E i3 g for each possible (j, 5). 

(b) (pi : Ai ^ A[ is a quasi-conformal homeomorphism. The set 4>i(Eijg) is denoted by 
-£^5 for each possible (j,5). 

(c) For each multi index ijS, the map Rijg := o / o (^ o 0i)~ \e'.. 5 1S holomorphic in 
the interior of E^g. 
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Ai 




U 


u 


u 


Eijs 


6i=0 ijS ~ 
► J^ijS 




if 




I Rijs holomorphic 


Aj 


id . A . 
— > /ij 





(9) 



We will follow the order of construction as indicated by ((Jj) . Once this is done we can apply 
Lemma 16.41 to conclude that / : £ — > A is c-equivalent to a holomorphic model. 

1. Definition of A' i: E'^g, Rijs)'- For every i G {1, • • • , A;}, choose ^4- C C$ a closed round 
annulus of modulus Vi, and let fa : Ai — > A\ be a quasi-conformal homeomorphism. 

Fix an index i. For every possible choice of (J, 5), the lower diagram of Q indicates 
that R^s : E'^g — > A 1 - is a covering isomorphic to <f>j o f : Eijs — ► therefore is an annuli 
covering of degree d^. But -Rj^ is supposed to be holomorphic and mod (Aj) = Vj. This 
imposes that E^-g must be a sub-annulus of with modulus Vj/dijs- 

Choose now a closed round essential annulus E[^ in A\ such that (1) E' t - S n <9A^ = 0; (2) 
mod (E^) = Vj/dijs and the (E'^'s are mutually disjoint for all possible indices (j,S) (this 
is possible precisely because of © ); (3) the (E^) 's are displaced in ^ in the same order 
as the (Eijg)'s in Ai. 

Choose now R^s : — ► a holomorphic covering of degree dijg among the two round 
annuli, so that it permutes the boundary curves in the same way as / : E^ — > Aj. 

More precisely this can be done through boundary labeling: for each Ai choose a labelling 
by + and — for its two boundary curves. This induces a labelling by ± on the boundary 
curves of each essential sub-annulus E^s, so that d-Eijs separates d-Ai to d+Eijg. Now use 
each fa to transport these labellings to dA\ which then induces a labelling on each dE'^g. 
The covering / : Eij$ — ► Aj maps d-E^s to one of d±Aj. We choose Rij$ so that it sends 
d-E'-g to cpj(f(d-Eijs)), the corresponding boundary component of A'-. 

2. Definition of Eijg: For any multi-index (i,j,5), set E^g ■= 4>^ l (E'ijg) (there are a priori 
two ways to label its boundary curves, one as an essential sub-annulus of Ai, one transported 
by (f>J of the labeling of dE'-g, but these two labellings actually coincide). 

3. Definition of 9ij$. For any multi-index (i,j,S), let Oijs '■ E^g — ► E^g be a (choice of a) 
lift of the quasi-conformal map cpj : Aj — > A'- via the two quasi-regular coverings of the same 
degree: f\E ljS an d RijS ■ ft is a quasi-conformal map and preserves the boundary 
labelling. 

E ijS ---> E ijS E' ij5 

f I I %<5 

Aj — A' 

4. Definition of 0j. Fix an index z. Define 0$ : A4 — > to be a quasi-conformal map 
such that = %<5 and O^qjs^ = id. It exists always, because all the boundary curves 
are quasi-circles and all 6ijs are quasi-conformal maps preserving the boundary labelling (see 
Lemma IC.2|) . 

The map 6% satisfies all the required properties, except possibly the one about their 
homotopy type. 
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4'. Adjustment of the homotopy type of As the lower commuting diagram in ([9]) 
only requires information on Oijg, we will modify each 6% without changing its value on the 

Fix an index i. Choose an arc /3 connecting the two boundaries of Ai. Then 6 %{_{$) is 
again an arc in Ai with the same end points. Precompose Oi with a quasi-conformal repeated 
Dehn twist supported in the interior of Ai\ (J^ ^ Eijs if necessary we can ensure that 0i((3) is 
homotopic to (3 (rel dAi). After this adjustment 6% is well isotopic to the identity rel dAi. □ 



6.4 The non-renormalizable case 

Proof of Theorem\5.4\ in case C = 1Z = and V 



Let F : £ — > C be a repelling system. Assume that Vf = F = and that every C- 
piece is either annular or disc-like. Then F is of constant complexity and there is nothing 
to renormalize. Furthermore the boundary multicurve Y is simply the collection of one 
boundary curve in each annular piece of C Assume now A(Wy) < 1. We want to prove that 
F : £ — > C is c-equivalent to a holomorphic model. Set 

C = AuO, A = A x u ••• uA k , O = O k+1 U • • • U O m 

so that each Ai is annular and each Oj is disc-like. 

0. The vector v. Choose a vector v S M. k with every entry positive such that Wy(v) < v. 

1. Definition of (0s, S' , E' , Re). Consider each .4. U 0-piece S as a subset of a distinct copy 
Cs of the Riemann sphere. If S = Ai, define as above 4>s '■ S — > S' to be a quasi-conformal 
homeomorphism so that S' is an round annulus with modulus Uj. If S = Oi, set simply 
4>S = id and S' = S. 

For any £-piece E, there are two A U O-pieces S and S (possibly the same) such that 
E CC S and F(E) = S. As F is a covering, we know that E is an annulus (resp. disc) if 
and only if S is an annulus (resp. disc). 

We decompose £ into £ A U f " 4 U £°'° as follows: 

• £^ consists of ^-pieces that are essential sub-annuli in A. We numerate as above these 
pieces by E^g so that E^s C Ai and F(Eijg) = Aj. Label by ± the boundary curves of each 
Ai, give each dEij$ the induced labelling. 

• £°<-A consists of the remaining annular £-pieces. Such a piece E is a closed annulus 
contained in some £-piece S, with either S = Oi or S = Ai. In the latter case E is contained 
in a component B of 5\ Uy 5) ^i<5> an d ^ i s non-essential in B. See Figure [2l In any case 
both boundary curves of E are F-null-homotopic. Furthermore E has one complementary 
component A^i that is entirely contained in S. We will call A^; the hole of E. We will label 
dE so that d-E = dAs- Therefore d+E denotes the outer boundary of E. 

• Finally £ consists of the disc pieces of £. Such a piece E may be contained in A or in 
O, but F(E) is always an O-piece, and F : E — > F(E) is a homeomorphism. 

The general strategy is quite simple to explain: we should at first construct {E' , Re) for 
all the £ A -pieces as in Lemma 16.51 For the remaining £-pieces, as they may be nested in each 
others holes, we should construct (£", Re) inductively from outer pieces to inner pieces. 

1.1. Construction of (E', R E ) for each £ A -piece E. For all possible (i,j,5), define E[- s 
to be a round annulus in A\ exactly as in the proof of Lemma 16.51 above, in particular the 
various E'^g for a given i are displaced in A\ exactly in the same order as the E^g's in Ai 
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and mod (E[-g) = Vjj deg(F : Eijg — ► Aj). This is where we have used the assumption 
A(Wy) < 1. Let Rijs : E'^g — > A'- be a holomorphic covering of degree deg(F : E^g — ► Aj), 
and permuting the boundary labelling in the same way as F : E^g — > Aj. 

1.2. Construction of (E', Re) for each <S°" 4 -piece E. Let now E 1 be an £°' A -piece. Then 
E is contained in a set B which is either some Oi or one component of ^4i\U(j<5) ^ijS f° r 
some Ai. Furthermore F maps E onto some Aj as a covering. Denote its degree by dg. 
Denote by B' the corresponding 0[ or the corresponding component of A'^ljjg E'^g. We 
want to set E' to be an innessential annulus in B' with modulus Vj/dE, so that there is a 
holomorphic covering i?E : E' — > of degree dg. 

However one might run into some moduli difficulty if we do so randomly, as various pieces 
of £°' A in B may be nested in each others holes. The correct way to do this is to place E' 
one by one from outside to inside. More precisely, numerate the £ 0, "^-pieces in B by Esjs, 
with 5 running in some index set (depending on j) such that F(EBjs) = Aj and it is a 
covering of degree dsjs- Define then a layer (depth) function 1(E) on the set of (EBjs)jS as 
follows: set 1(E) = 1 if E is outermost, i.e. not contained in the hole of any other £ 
pieces. Set inductively 1(E) = m if E is contained immediately in the hole of a Esjs with 
l(E Bj5 ) = m-l. 

Start now with an E^js so that l(Egjs) = 1. Choose E' B - S CC B' to be any round 
inessential annulus of modulus Vj/dsjs- Label its outer boundary curve by +. Choose then 
RsjS ■ E'bjs ~^ A'j a holomorphic covering of degree dsjs, so that it permutes the boundary 
labelling in the same way as F : Esjs Aj. 

Construct similarly (E',Re) for every layer 1 piece in B, and be sure that the various 
E"s are mutually disjoint. 

Now we should construct (E', Re) for the next layer <5°" 4 -pieces in B. Proceed this layer 
by layer. As each time we are supposed to find finitely many disjoint annuli non mutually 
nested of prescribed moduli in the hole of some previously constructed E' , the construction 
is always realizable. 

Do this construction for every component B of C\£ A . 

1.3. Construction of (E',R E ) for each £°-piece E. Assume E C S and F(E) = S. We 
should choose a closed quasi-disc E' in S' disjoint from the previously constructed pieces, 
together with a conformal map Re ■ E' — ► «S". There is no difficulty here and we omit the 
details. 

To recapitulate we may extend the layer function 1(E) on all £-pieces so that 1(E) = for 
£ A -pieces and 1(E) = +oo for £ -pieces, and then construct (E',Re) following the natural 
order of the layer function. 

2-3. Definition of (E,9e)- This is done exactly as in Lemma 16.51 by setting E = (f)~^ l (E') 
for S the £-piece containing E, and 6e ■ E — > E as a lift of <pg : S — > S' via F\e and 
Re ° <Asi j;; where S = F(E). 

4. Definition of 9g. Fix an £-piece S. We claim that we can define a quasi-conformal map 
6s '■ S — ► S so that 6s = Oe on each £-piece E contained in S and 6s = id on dS. Clearly 
the extension can be chosen so that 6s is a homeomorphism, as the #e's for all possible E 
preserve the boundary labelling. But all the boundary curves are quasi-circles and all the #e's 
are quasi-conformal. One can then apply Lemma lC.2l to make the extension quasi-conformal. 

4'. Adjustment of the homotopy type of 6a v Clearly 6s for S an O-piece is already 
isotopic to the identity rel dS. However for S an *4-piece one might have to precompose 6 
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with a repeated Derm twist supported on the interior of 5x5 as in Lemma 16.51 After that 
9s is also isotopic to the identity rel dS. □ 

7 Holomorphic model of a renormalization cycle 

Let (£ — > £,"P) be a marked postcritically finite repelling system of constant complexity 
without boundary obstructions nor renormalized obstructions. We will prove here that a 
renormalization cycle of (F, V) is c-equivalent to a holomorphic model, which satisfies in 
addition some prescribed moduli properties. 

We always denote by B the unit disc. A marked disc is a pair (A, a) with A an open 
hyperbolic disc in C and a marked point a G A. An equipotential 7 of (A, a) is a Jordan 
curve that is mapped to a round circle under a conformal representation x '■ A — ► B with 
x(a) = 0. The potential of such a 7 is defined to be ^(7) := modA((9A, 7), the modulus of 
the annulus between <9A and 7. These notions do not depend on the choice of x- The map 
k maps the set of equipotentials bijectively onto the open interval ]0, +00 [. For example in 
the marked disc (B, 0), the circle {\z\ = e~ v } is an equipotential with potential v (we define 
mod{r < \z\ < 1} := — logr). 

Let / be a postcritically finite rational map with non-empty Fatou set. The Julia set 
Jj is connected and each Fatou component A is canonically a marked disc marked by the 
unique eventually periodic point a in A. We call (A, a) a marked Fatou component of f. The 
equipotentials of these marked Fatou components will be called equipotentials of f. Notice 
that equipotentials in a periodic Fatou component correspond to round circles in Bottcher 
coordinates. We will use k to denote the potential function of these marked discs. 

Marked set Vs- Again consider each £-piece S as being contained in a distinct copy Cs of 
the Riemann sphere. Mark one point in each component of C^xS. Set Vs to be the union of 
VnS with these marked points. By definition a piece S is an C-piece if and only if jf-Vs > 3. 

As (F, V) is of constant complexity, there is an induced map F* on the set of C-pieces. Let 
Si, - • - , S p be a periodic cycle of C-pieces for F*, i.e. for i = 1, • • • ,p we have F(Ei) = 5j+i 
(set S p+ i = Si), where Ei is the unique complex £-piece in Si. Denote by Q = for 
simplicity. 

We will prove: 

Theorem 7.1. Denote by D* the (F,V) -transition matrix of the set of the boundary curves 
of Si U • • • U S p . Let u > be any positive vector such that D*u < u. Then there are pairs 
of quasi- conformal maps (0s i; Y'sJ : — > Cgi and holomorphic maps Ri : Cs' — ► ^s' +1 f or 
1 < i < p such that: 

(a) 05 i = ipSi 071 9Si U(P(1 Si), and is isotopic to tj}g i rel dSi U(Pfl Si); 

(b) 4> Si+1 o f o i>s% s . iEl ) = RiU Si (Ei); 

(c) the return map fg. := o • • • o o JL o • ■ • o is a postcritically finite rational map 
whose conformal conjugacy class depends only on F and Si; 

(d) for each i S {1, ■ • • ,p}, for each Jordan curve 7 C dSi, and for /3 7 the curve in dEi 
homotopic to 7 within Si\V, both (frsiil) an d V'S^Ay) are equipotentials in the same 
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marked Fatou component of fs { with potentials 

Note that (a) and (b) together assert that R : \JipSi{Ei) — > \J(j>Si(Si), marked by 
\J4>s l ('P H Si), with R = Ri on i/)g.(Ei), is a holomorphic repelling system c-equivalent 

to (U^^U^nUSi). 



7.1 Disc-marked extension and equipotentials 

For a repelling systemF : £ — > C of constant complexity, and any £-piece S, the above 
marking V s makes each complementary disc of S into a marked disc. We will use Kg to 
denote the potential function of these complementary marked discs of S. Let S± and 52 be 
C-pieces with F(Ei) = S2 where E\ is the unique complex £-piece contained in S\. There are 
many ways to extend F\e 1 to a branched covering. We choose the following one to rigidify 
the extension. 

Lemma 7.2. Let S± and S% be C-pieces with F(E\) = S2 where E\ is the unique complex 
£ -piece contained in S±. Let p be a positive function defined on the set of Jordan curves in 
dSi. Then there is a quasi-regular branched covering extension h : Cs 1 — > Cs 2 of F\e 1 such 
that: 

(a) / i (C 5l \^i) = C S2 \5 2 . 

(b) h(Vsi) ^ 7~'s 2 an d th e critical values of h are contained in Vs 2 - 

(c) For any Jordan curve 7 C dS\, ^(7) is an equipotential in a complementary marked 
disc of S2, with potential ns 2 (h('y)) = p{j). 

(d) h is holomorphic in Cs^xSi. 

Such a map h will be called a disc-marked extension of F\e 1 associated to the function p. 

Proof. Let a be a boundary component of E\, bounding a unique complementary component 
A a of E\. Then r] := F{a) is a boundary curve of 5*2, and bounds a unique complementary 
marked disc (A,,, b) of Set d := deg(F : a — > rj). 

Note that A a may contain zero or one complementary component of S. In the former 
case, define h a : A a — ► A^ to be a quasi-conformal map if d = 1, or a quasi-regular map with 
a unique critical value b if d > 1, such that h a \ a = F\ a . 

In the latter case a is nomotopic within S\\.V to a unique boundary curve 7 of Si. Let 
A 7 be the component of Cs±\Si enclosed by 7. Then A 7 CC A a , and A 7 together with the 
marked point a G A 7 is a complementary marked disc of S\. 

Let 771 be the equipotential in the marked disc (A^,b) with potential Ks 2 {i]i) = P(l)- 
Denote by Ai the disc enclosed by 771 and contained in A„. Define /i 7 : A 7 — > Ai by 
hj(z) = tp^ 1 o (tp(z)) d , where <p (resp. (p±) is a conformal map from the marked disc (A 7 ,a) 
(resp. (Ai,6)) onto the unit disc B with ip(a) = (resp. <px(b) = 0). Then there is a quasi- 
regular covering h a ^ from A a \A 7 onto A^\Ai so 

h a := hy on A 7 and h a := h ai on A a \A 7 . Then h a : A a — > A v is also quasi-regular, in 
particular, holomorphic in A~. 
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The map F\e 1 together with h a for all boundary curves of E\ forms a quasi-regular 
branched covering h : Cs 1 — > C,s 2 . It satisfies the conditions (a)-(d). □ 

7.2 Spherical holomorphic models 

Consider the same marking V s (thus the function ks) for each C-piece S as above. 

Lemma 7.3. Let p, resp. a, be two positives functions defined respectively on the set of 
Jordan curves in (Jf=i r ^sp. in dS\. For 1 < i <p, let hi : C, — > Q+i be a disc-marked 
extension of F : Ei — > Sj+i associated to the function p, given by Lemma \7.2\ 



Then there are pairs of quasi- conformal homeomorphisms (^i,^i) of C, onto a distinct 
copy Cj of the Riemann sphere, and holomorphic maps Ri : Cj — > C i+1 (i = 1, • • • snc/i 
i/ia£ i/iey satisfy the following conditions: 

(1) is isotopic to $j re/ T 3 ^, and $j is holomorphic on Cj\Sj, i = 1, • • • 

f^J = o hi o ^r 1 /or 2 <i <p (with <3? p+1 = <J> ly ), and i?x = $ 2 o hi o Vl^ 1 (see [T3\) 
)■ 

(3) For any i = 1, ■ ■ ■ ,p, and /, := o ■ • • o R± o Rp o ■ ■ ■ o R i; we have fi = $;o o 
■ ■ ■ o h\o h p o ■ ■ ■ o hio ^r 1 and ^ is a postcritically finite rational map. The conformal 
conjugacy class of each fi depends only on F and Si, but not on the choices of the 
markings, nor on the functions p and a, nor on hi,&i,*&i. 

(4) For each Jordan curve 7 C dS\, the curve $1(7) is an equipotential of f\ with potential 
«(*i(7)) = ^(7)- 

Consequently we have: 

Corollary 7.4. (1) Fix 2 < i < p. The map is holomorphic in C^xS^. For each Jordan 
curve 7 C dSi, and for /3 7 the unique curve in dEi homotopic to 7 within SWP, both $1(7) 
and ^i{(3-y) are equipotentials in the same marked Fatou component of fi. And their potentials 
are related as follows: 

(2) For each Jordan curve 7 C dS\, and for (3-y the curve in dE\ homotopic to 7 within S\^.V, 
the curve ^i(/3y) is an equipotential in the marked Fatou component of f\ that contains $1(7), 
with potential 

(12) 



See the following commutative diagram. 
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Proof of Lemma 7. 3 



Denote by H : E — > Si the renormalization of F relative to S\. Set 

h := hp o ■ ■ ■ o hi o hi : Ci — ► Ci. 



Then h(Vsi) c an d ^fc c ^Si- Clearly, (h,Vsi) * s a marked extension of the renormal- 
ization H : E —* S\. 

It is easy to see that the c-equivalence class of (h,Vs-i) does not depend on the choice of 
extensions. 

Now the assumption that (F, V) has no renormalized obstructions implies that (H,VC\S\) 
as a repelling system, has no Thurston obstructions. This in turn implies that (h,Vs\) nas 
an orbifold distinct from (2, 2, 2, 2) and has no Thurston obstructions, as follows: Since the 
marked points in Ci\Si map to themselves by h, they are eventually /i-periodic. Let b be 
a periodic marked point in Ci\Si with period k > 1. Denote by A& the component of 
Ci\Si that contains the marked point b and % '■= 9A&. Then there is unique component of 
h~ k (^), denoted by j3, such that f3 is homotopic to 7 rel Vsi- Note that 7 is contained in 
the boundary multicurve Y and /3 is a component of F~ kp (j) in Si- Thus the assumption 
\(Wy) < 1 implies that 



This implies that h has a periodic critical point (in the cycle of b). Therefore (h,Vsi) nas an 
orbifold distinct from (2,2,2,2). Now any multicurve within CxT 3 ^ can be represented by 
a multicurve within 5i\7 3 5 1 = S\\(V n Si). So its (/i, 7 ? 5 1 )-transition matrix is equal to its 
(H,V n Si) -transition matrix, thus has the same leading eigenvalue, which is less than one. 
This implies (h,Vs\) has no Thurston obstructions. 

Applying Thurston Theorem to get ((f), ip) and f\. We can then apply Thurton Theorem 
13.21 to obtain a pair of quasi-conformal maps {<f>,if>) from Ci onto Ci and a rational map /1, 
whose conformal conjugacy class depends only on the c-equivalence class of (h, Psi) (which 
depends only on (H,V n Si)), such that if> is isotopic to <fi rel Vs x and /1 = (f)o h o In 
particular fi does not depend on the choice of the functions p and a. Moreover, VfaC 4'(T > s 1 )- 

As any periodic cycle (b) of marked points in C\Si contains a critical point of h, the 
cycle (4>(b)) is a superattracting periodic cycle for fi. Consequently, for every marked point 
a in Ci\Si, 4>(a) is an eventually superattracting periodic point of fi. 

From ((f), ifj) to ($1, $1). For every marked point a in Ci\Si, denote by A a the component of 
Ci\5i that contains the point a and "y a = <9A a . Denote by rj a the equipotential of the Fatou 
component of fi containing (f>(a) (with (f>(a) as a marked point), with potential n(rj a ) = <r(7 a ). 
Then there is a quasi-conformal map $1 in the isotopy (rel VsJ class of (j> such that for every 
marked point a in Ci\Si, we have 3>i(7 a ) = Va (this is because j a , resp. r] a , is peripheral 
around the point a 6 P,^, resp. the point </>(a) G </»(7 ? 5 1 )). Moreover, $1 can be taken to be 
holomorphic on |J a A a = Ci\Si. 

As $1 is isotopic to (f> rel Vsx, there is a quasi-conformal map $1 : Ci — ► C 1 such that it 
is isotopic to if; rel Vs x and $10/10 ^^j" 1 = fi. 

Getting (in order) <j? p , R p , & p -i, R p ~~i, • • • , $2, ^2 and then This is illustrated in the 
following diagrams: 



deg (F*P : /? _ 7) = deg(/i fc : /? - 7) = deg fe > 1. 



C 2 
I $2 




c 3 

I $3 




Ci Ci 
I $1 and *i I 




C 2 
I $2 
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More precisely pull-back the complex structure of to C p by $1 o ^ we have a quasi- 
conformal map $ p : C p — > C p such that R p := $10^0 $~ 1 is holomorphic. 

As a disc-marked extension, we know that h p is holomorphic in C P ~\S P whose /i p -image 
is contained in Ci\S"i. Combining with the result that $1 is holomorphic in Ci\5i and the 
equation R p o & p = &i o h p , we see that <3? p is holomorphic in C p ~^S p . 

Inductively, for i = p — 1, • ■ ■ , 2, we have a quasi-conformal map $j : Q — > Cj such that 
i?i := ^j+i o /ij o ^r 1 is holomorphic and <£j is holomorphic in CjxS'j. 

Set finally i?i := <&2 h\ o VP^" 1 . Then R p o ■ ■ ■ o R 2 o i? 1 = fy. Therefore R\ is also 
holomorphic and ^1 is holomorphic in CixSi. 

Getting ^ and fi. As a disc-marked extension, we know that the critical values of hi 
is contained in Vs i+1 and hi(Vs l ) C 'Ps' i+1 for 1 < i < p. Because ^1 is isotopic to $1 
rel T > s 1 , there is a quasi-conformal map ^ p : C p — ► C„ such that ^f p is isotopic to $ p rel 
Vs p and $1 o hp = Rp o <I/ p . Inductively, there is a quasi-conformal map : Q — > C[ for 
i = p — 1, ■ ■ ■ ,2, such that is isotopic to <3?i rel Vsi and Vti+i o hi = Ri o Set then 
/i := .Rj-i o • • • o Ri o R p o • • • o R,^ Now we have the following commutative diagrams: 





^ Ci ^ 










c 2 — 
























c' 2 — 





*U *ll 1*2 i*i and 



c; ••• ^ c[ c' 2 — ••• ^ c; c; ^ c 

It is easy to see that /j = $j o o • • • o h\ o /t p o • • • o hi o ^r 1 for i > 2. The above formula 
shows that /j is c-equivalent to o ■ ■ ■ o hi o h p o ■ ■ ■ o hi, which is postcritically finite. 
So fi is also postcritically finite and V f i C ^("PsJ. Clearly it is c-equivalent to a marked 
extension of the renormalization relative to Si. Again its conformal conjugacy class depends 
only on F and Si. □ 

Proof of Corollary \ 7.4\ Notice that fi + \ o Ri = R4 o f i} i.e., Ri is a holomorphic (semi- 
)conjugacy from fi to /j+i (set f p +\ = fi). It is classical that their Julia sets are related by 
J(fi) = R- 1 (J(f i+1 )). Note that the critical values of R4 are contained in $>i + i(Vs i+1 ), which 
is eventually periodic under /i+i. We see that Ri maps equipotentials of fi to equipotentials 

of fi+l- 

As a disc-marked extension, for each Jordan curve 7 C dS p , the curve h p {^) lies on an 
equipotential in a complementary marked disc of S\. Because each Jordan curve in d<&i{S{) 
lies on an equipotential of f\ and $1 is holomorphic in Ci\Si, the curve h p {^) goes to an 
equipotential of f\ by $1. This equipotential of f\ is pulled back by R p to equipotentials of 
f p . Thus ^(7) lies on an equipotential of f p . Inductively, we have that each Jordan curve 
in d^i(Si) lies on an equipotential of fi for i = 1, • • • ,p. 

Similarly, each curve in &i(dEi) lies on an equipotential of fi for i > 2 and each curve in 
^i(dEi) lies on an equipotential of f\. 

Fix i £ {1, • • • ,p}. For each Jordan curve 7 C dSi, and for /3 7 the curve in dE% homotopic 
to 7 within S^V, we have that ^(/3 7 ) = F(P^) is a curve in dSi + \. Note that $j + io/ij(/? 7 ) = 
Ri $i(/3 7 ) if i 7^ 1 (with = $1) or $ 2 o /ii(/? 7 ) = R\ o *i(/3 7 ) if i = 1. Their potentials 
are related by: 

deg(F|^ 7 ) deg^l^) 
Fix now 2 < i < p. By the construction of /ij in Lemma 17.21 the curve hi(j) is 
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an equipotential with potential p(^j) in a complementary marked disc of Sj+i. We have 
mod/ij(^4(7, P-y)) = /o(7), where A(^, (3-y) is the annulus between them. Notice that is 
conformal in Q+ixSj+i. We also have mod^+i o /ij(^4(7, /3 7 )) = p(7). From the equation 
Ri o $j = ohi,we get 

K(*i( 7 )) - «(*i(/ir)) = modcD i (^(7,/3 7 )) - 



deg(F|^)- 

□ 

Remark 1. For every i, if we make a normalization by requiring that three given distinct 
points in Vg i (note that #T 'g t > 3 since Si is a C-piece) go to (0, —1, oo) under the action of 
then fi is uniquely determined, as well as the homotopy class (rel Vg t ) of $j. 

Remark 2. For a -F*-periodic cycle (Si, • • • , S p ), we have p renormalizations (one for each 
Si). Lemma 17.31 shows that none of them has Thurston obstructions if one of them has no 
Thurston obstructions. 



7.3 Proof of Theorem Q 

Fix now the positive functions a and p as follows: 

V 7 C dS u <r(i) := n( 7 ); V 7 C \J dS u p( 7 ) := ( 

i=l ^ 



[7) - ^Mr\ ) 

deg(F| /3 . 



where /? 7 is the curve in U?=i ^-^i homotopic to 7 within £\P. Note that ^(7) > for every 
7 by the assumption < u. 

Let ($j,^j, /i)i=i,... lP be the collection of maps derived from Lemma 17.31 with the 
functions /) and a defined above. Set fg. '■= fi- 

Let 7 be a Jordan curve in dS\. Then ^($1(7)) = 17(7) = 11(7) by Lemma [7T31 (4). 

Let 7 be a Jordan curve in dS p and /3 7 be the curve in dE p homotopic to 7 within S P \V. 
We have 

/ « {HI p{l) #l°^ 7 )) Le m p](4) p(j) IP , v 

M7JJ ' deg( J F| /37 ) + deg(F|^) deg^) + deg^) ' nW 

Inductively, for i = p — 1, ■ ■ ■ ,2, we have /c(<J>j(7)) = it (7) for any Jordan curve 7 C <9Sj. 
Therefore K^i(j)) = u(j) for any i and any 7 C dSi. 

Fix any i G {1, • • • ,p}. Let (3 be a curve in dE^ non-null-homotopic within SjVP. By 
(ITU and (TED, we have 



deg(F| /3 ) deg(F|^) deg(F|^) 

Let 7 be a Jordan curve in 9Si and /3 7 be the Jordan curve in dE\ homotopic to 7 within 
Si VP. From the above formula and the fact that -D*ii < u, we deduce that k(^i(/3 7 )) < 
«(*i(7)). This implies that *i(£?i) CC 

For i = 2, ■ • • ,p, set (/^ = 2/^ = Set also <f>g 1 = $1. Obviously, (a)-(d) hold for z > 2 
by the above computation. Now we want to define ipS\ ■ 

Notice that ^i{E{) CC $i(Si) and ^1 is isotopic to $1 rel Vg x - This implies that for 
each Jordan curve 7 C <9Si, both 7 and ^j -1 0^1(7) are contained in the same disk component 
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A of Ci\-Ei, and are nomotopic within A\{a}, where a is the unique point of Vs\ hi A. 
Therefore there is a quasi-conformal map r] of Ci isotopic to the identity rel Vsi so that 
i]\e 1 = id and r\ = o &i on Ci\Si. Set ^) := f i o r\. Then ip is isotopic to therefore 
to $1 rel Vsi, with = 3>i|:p and i/j\e, = This gives already (b). 

To get (a), i.e. ip is isotopic to <I>i rel V 's 1 U dSi, we need to modify -0 on the annuli of 

Set x = ° Then by a purely topological argument (see Lemma ID. If) there is a 
homeomorphism T which is the identity outside S\\E\ such that x ° T is isotopic to the 
identity rel Vs 1 U (Ci\Si). Set now = ip oT. We get both (a) and (b) of the Theorem. 
Point (d) for i = 1 is also derived from the above computation. □ 



8 Proof of Theorem 15.41 

Let now {£ — ► £,"P) be a marked repelling system of constant complexity, without boundary 
obstructions nor renormalized obstructions. We prove here that {F^V) is c-equivalent to a 
holomorphic model. Decompose C into O U AulZuC as in ([3]). 



8.1 Choice of the positive vector 

Let Y be a boundary multicurve of (F,V). It can be chosen to be the collection of Jordan 
curves in dCUd+A. By assumption, for the (F, 7 7 )-transition matrix Wy, we have A(Wy) < 1. 
Applying Lemma IA.14 we have a positive vector v £ M Y so that Wyv < v, i.e. there is a 
positive function 

v:Y^R + such that (W Y vU = V V - . < u( 7 ), (15) 

^ ^ deg(F : a -> n) 

where the last sum is taken over all curves a in i ?_1 (ry) that are nomotopic to 7 within C\V. 
Let C > be a constant to be determined later. Denote by 1 the vector whose every entry 
is 1. Choose M > to be a large number so that Wy(Mv) + CI < Mv, i.e. 

For any 7 £ Y the quantity Mi>( 7 ) will be the prescribed potential for (ps (?()■> with S 1 the 
£-piece admitting 7 as a boundary curve. 



8.2 Definition of (<fis,ipg) and f s for C-pieces 

Assume at first that Si,-" ,S P are C-pieces with F{Ei) = Si+i and S p+ i = Si, where Ei 
is the unique complex £-piece in Si- Set u := Mv\\j.QSi- We nave < u f° r ^* the 
(-F, "P)-transition matrix of the set of the boundary curves of Si U ■ ■ ■ U S p . We construct 
<frSi , ^5, ) -Rfii an d fsi according to Theorem 17.11 for i = 1, • • • , p. We do so for every periodic 
cycle of F* . 

Assume now that S is a non-F*-periodic C-piece. Then there are C-pieces S =: 5_j., S-k+i, 
• • • , 5o (A; > 0) such that Sj is not F^-periodic for i < but So is ^-periodic, and F(Ej) = 
Si + i for i < 0, where J5j is the unique complex £-piece in Si- 



43 



Denote by Q = Cs { for simplicity. As Sq is F^-periodic, we have already constructed a 
quasi-conformal map 4>s : Qi — > C and a postcritically finite rational map /o on C such 
that they satisfy the conditions of Theorem 17. II for u = Mv. 

For i = —1, —2, • • • , —k, let hi : C, — ► Q+i be a disc-marked extension of i 7 : — > Si+i, 
given by Lemma 17.21 associated to the function 



where 7 is a Jordan curve in dSi and /3L is the curve in i9£Jj homotopic to 7 within Si\.V. 
As before, there are quasi-conformal maps 0,^ = fa '■ Q — > Cj and holomorphic maps 
iij : — > C- +1 such that the following diagram commutes: 

^-k — ► — ► • • • — ► ^0 

I <t>-k I <^-fc+l I 00 = 0S O 

c'_ k ±X c'_ fc+1 ^ ••• *4 c' 

Because hi(Vsi) C 'Ps , i+1 and every critical value (if exists) of ^ lies on Vs i+ u we have 
Ri{fa{V 'sj) C <^i+i(7 ? s i+1 ), and every critical value of R-\ o ■ ■ ■ o R { lies on (/>o(Ps Q )- 

Set /s 4 := R-i o • • • o Let b E Cj\5j be a marked point. Then /g\ o 0^(6) is the center 
of a marked Fatou component A of Jo- The component A^.^ of fg 1 (A) that contains 
is a disc. We will call (A^.^, fa(b)) a canonical marked disc. 

The name 'canonical' means that up to a Mobius transformation, the configuration formed 
by these marked discs is uniquely determined. Note that when a disc-marked extension hi is 
chosen, up to a Mobius transformation, fa is uniquely determined by <f>i—\. As fa—\ varies in its 
homotopy class, fa varies simultaneously in its homotopy class while Ri remains unchanged. 
On the other hand various choices of disc-marked extensions are related by quasi-conformal 
maps. More precisely, if hi is another choice of the disc-marked extension, then there is a 
quasi-conformal map £ of Q isotopic to the identity rel Vsn such that hi = hi o £. Now 
set fa = fa o £, we get the same holomorphic map R4. This implies that the maps /, are in 
dependent of the extensions (but may depend on the marking). In particular, the canonical 
marked discs are independent of the large number M involved in the function p (therefore 
involved in the extensions hi). 

Lemma 8.1. With the assumption above, for any i = —k, ■ ■ ■ , —1, there are quasi-conformal 
maps ipSi = (pSi '■ — > C5" such that: 

(1) Ri := (f>s i+ i hi o faZ is holomorphic and is independent of M . 

(2) For any marked point b E Vs^Si, denote by 7^ the component of dSi that separates b 
from S , j\76 and by a b the component of dEi that separates b from Ei^a b . Then both 4>Si{lb) 
and ^)Si( a b) are equipotentials in the canonical marked disc (A^ s 4>Si(b)) with potentials 

K (<Ps t {lb)) = Mv(j b ) and K(</>s t (a b )) = K{ijj Si (a b )) = ^j^pV ■ (17) 

deg(^ la J 



Proof. (1) is obvious. The proof of (2) is quite easy by following the same argument as 
before. □ 
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8.3 Definition of (<f>s,i/>s) f° r other ^-pieces 

Define (f>s = ips = id for all O U 7^-pieces. Assume that S is an „4-piece. Then it is a closed 
annulus and one of its boundary curve, say 7, is contained in the boundary multicurve Y. We 
define <f>s to be a quasi-conformal map from S to a round annulus 5' in C5" with modulus 

mod (j)s(S) = Mv(i). (18) 

We will define a map ipA for all annular components A of C\£ m , including the ^4-pieces. 
For this we decompose £ into £ m U £ 2 U £ as follows: 

• £ m is the union of complex £-pieces; 

• £° is the union of £-pieces which are contained in a disk D C C with #(D fl P) < 1; 

• £ 2 is the union of £\£°-pieces which are contained in an annulus A C C with A n V = 0. 

Clearly, the above three sets are mutually disjoint. Topologically, £ rn C C and £ 2 C CuA. 
Dynamically, U ft) C £° and F" 1 ^) C £ 2 U <S°. 

See Figures [21 




Figure 2: T/ie C-pieces are bounded by thick curves. Light grey ones are £ m -pieces, darker- 
greys, for example E and T, are £ 2 -pieces. Hatched ones are £° -pieces (they may appear 
in any, necessarily disc or annular, component of £\(£ m L)£ 2 ), and may be nested in each 
others holes). 

1. Definition of an auxiliary map ifE for £ 2 -pieces. 

Assume that E is a £ 2 -piece and S is an £-piece with E C S. Set S := F(E). Then both 
S and S are contained in C l> A. Decompose £ 2 into £ (2 ' 2) U £( 2 < m ) so that F(£ (2 ' 2) ) C and 
F(£( 2 < m )) c C. 

If S is an ^4-piece, then there is a quasi-conformal map ips from E 1 onto a closed round 
annulus such that ^oFo tp^ 1 is holomorphic in the interior of ifE (E) . 
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Let 7 be one of the two boundary curves in dS with 7 £ Y. Then there is a Jordan curve 
(3 in dE so that F(/3) = 7. From (fig]) , we have: 

models) Mv(F((3)) . , 

mod <pe(E) = J,, 5 = - V^i / • 19 

^ V ; degF| E deg(F| /3 ) v ; 

Now assume 5 is a C-piece. Then there is a quasi-regular branched covering He '■ C5 — ► 
such that = i 7 !^, fiE(E c ) = S c and every critical value of He is contained in Vg. As 

before, we have a quasi-conformal map ^ of C such that Re '■= 4 > '§ ^ 1 e 01 Pe 1 ls holomorphic 
from Cgi to Cg,. 

C s DS DE ^ ip E (E) cCy a ,(3 ^ cA a ,,A y 
h E [_ F{ [R E Re_1 Fi I R E 

D S — ► 5' CC ?) ' — ► CA„,A 6 

Note that dE has exactly two boundary curves a and /? that are non-null-homotopic within 
S\V. They are homotopic to each other within S^V. From Theorem 17.11 and Lemma 18. 11 
we know that ^joF(a) (resp. 4>goF{(3)) is an equipotential, in a marked disc (A , o) (resp. 
(A;,, b)) of the postcritically finite rational map /g when 5 is -F*-periodic, or in a canonical 
marked disc, denoted also by (A a ,a) (resp. (A{,,b)) otherwise, whose potentials are 

k(^ s o F(a)) = Mv(F(a)), n{<p s o F(f3)) = Mv{F{(3)). 

Let A a / (resp. Ay) be the component of R~ E 1 (A a ) (resp. R E 1 (Af 1 )) that contains ^(a) 
(resp. (Pe{(3))- Then A a / and Ay are disjoint discs since neither A a \{a} and A;,\{6} 
contains critical values of Re- Set a' := A a / D R E 1 (a) and 6' := Ay n i?^ x (6). Then (A a /,a') 
and (Afe/,6') are disjoint marked discs in C5/. Moreover they are independent of the choice 
of M, because (A tt ,a) and (A&,6) are independent of the choice of M. 

Clearly, <{>e{oi) and ipe(P) are equipotentials with potentials 

Mi;(F(q)) Mv(F(P)) 

K{ip E {a)) = — — and K(tp E (P)) = — : ^ — • 

degF| Q degF|^ 

Let A(E) = A(a, (3) denote the annulus bounded by a and (3. Applying Lemma IB. 11 
there is a constant C(E) > which is independent of the choice of M, such that 

m^m> + ™> < modVE{A{a , m < ^am + ^am + (20) 

degF| Q degFy degF| Q degF\p 

The constant C. The set <f( 2 ' m ) has only finite many pieces E with C(E) independent of 
the choice of the number M. Set C := C(E). It is also independent of M. 
2. Embedding of ifE{E) and construction of t/m- 

Every £ 2 -piece E is contained in A or in an annular component of C\£ m . We will embed 
<Pe(E) into the interior of AU (C\£ m ) so that they are mutually disjoint. 

Assume that S is an ^4-piece. Let 7 be a boundary curve of S with 7 6 Y. From (|19p 
and (|2U|) . we have 

£ mod^(£)+ £ mod <p E (A(E)) < + C, 
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where the last sum is taken over all the curves f3 in F 1 {rj) for every r\ G Y such that [3 is 
homotopic to 7 within S = S\V. 

The right term is less than Mv{^) = mod((j)s(S)) by (|16p . Therefore, as in the non- 
renormalizable case, one can embed holomorphically (Pe(E) essentially into the interior of 
4>s(S) for every £ 2 -piece E C S according to the original order of their non-null-homotopic 
boundary curves, so that they are mutually disjoint. In other words, we have a quasi- 
conformal map ips from S onto (fis(S), such that 

• i^slds = (ftslds an d ips is isotopic to cps rel dS; 

• for every £ 2 -piece E C S , ifE ip$ l is holomorphic in the interior of ips{E)- 

Consequently, we have 

• (fi^oFoipg 1 is holomorphic in the interior of ips{E) for every £ 2 -piece E C S with S := F(E). 

Assume now that S is an C-piece and that A is an annular component of S*\Es where 
Eg is the unique complex £-piece contained in S. Following a similar argument as above, we 
have a quasi-conformal map ipA from A onto ips (A), such that 

• ipA\dA = "tpsldA and ipA is isotopic to tps\A r el OA; 

• <j)g o F o ip^ 1 is holomorphic in the interior of iJja(E) for every £ 2 -piece E C A with 
S :=F(E). 

8.4 Definition of 6 S 

Define 6$ = (p^ 1 ° ^5 for every ^.-piece 5. If S is a C-piece, define 

q / ^ on ever y annular component A of S\£ m ; 
I c/)^ 1 o ^ 5 otherwise. 

Then ^s|g5 = i(i and ^5 is isotopic to the identity rel dS U (S HV). Moreover, for every 
g2 j £ m -piece E with E C S and F(E) = S, the map Fo Og 1 ^ 1 is holomorphic in the 
interior of (ps6s{E). 

Now if £ U U 7£ = 0, the proof of Theorem 15.41 is already completed. Otherwise one 
can follow the argument as in the non-renormalizable case (there is no more trouble in case 
1Z 7^ 0) to modify 6$ on S\(£ 2 U £ m U dS) with the help of a suitable layer function. This 
ends the proof of Theorem 15.41 □ 

9 A combination result 

A regular puzzle is by definition a subset of C which is also a puzzle surface. 

A regular open set is by definition the complement of a regular puzzle. 

Let U, V be regular open sets in C with V CC U. Let G : U — > V be a quasi-regular 
branched covering. We say that (G, U, V) is a locally holomorphic attracting system, if there 
is a finite set V' C U such that: 

• G{V') = V; 

• G is holomorphic in a neighborhood of V' and each cycle in V 1 is (super)attracting; 

• for any z £ V the limit set of {G n (z)} is contained in V' . 

Let F : £ — > C be a repelling system of constant complexity, in particular F is quasi- 
regular. We say that F has no analytization obstruction is it has no boundary obstruction, 
and , for each renormalization H : E — ► S (if any, and not necessarily postcritically finite), 
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either 

(1) #V f n S < oo and (H,Vf n5) as a repelling system has no Thurston obstructions; or 

(2) for the integer p such that H = F p \e, each step of the composition 

E F(E) F 2 (E) ■ ■ ■ FP-!(^) 5 

is holomorphic in the interior. 

What we have proved in this paper can be reformulate in the following stronger form: 

Theorem 9.1. Let G be a quasi-regular branched covering of C with degree at least 2. As- 
sume that C = V U £ is a splitting with C a regular puzzle such that: 

(a) G-\V) DD V; 

(b) (G, G~ l {V),V) is a locally holomorphic attracting system; 

(c) G : G~ 1 (£) — ► C is a repelling system of constant complexity without analytization ob- 
structions. 

Let K be the union of the filled Julia set Kh of each of the holomorphic renormalizations. 

Then there is a rational map g and a pair of qc-homeomorphisms <p,ip of C such that 

• (j) o G = g o tp; 

• tp is isotopic to (j) rel Vg U K; 

• the Beltrami coefficient of 4> is equal to almost everywhere on K. 

A Non-negative matrices 

For a vector v = (vi) € M n we write v > if every coordinate Vi is strictly positive. 

Lemma A.l. Let D = be a real square matrix with aij > for each entry Oj,-. Denote 
by A its spectral radius, i. e. the maximal modulus of the eigenvalues. Then A < 1 iff there is 
a vector v > such that Dv < v. 

Proof. The following proof is provided by H.H. Rugh. Necessity: Assume v > and Dv < v. 
Then Dv < av for some < a < 1. Define a norm on the underlying vector space by 
|| a; || = ^2i{vi ■ \xi\). Then, writing |x| as the vector whose z-th entry is \x{\, we have 

|| *Da;|| = t v t D\x\ = t (Dv)\x\ < a t v\x\ = a\\x\\ . 

Therefore, A := max |A'| = max |A'| < || *D|| < a . 

A' eigenvalue of D A' eigenvalue of *D 

Sufficiency: Now assume A < 1. By continuity of the spectral radius, there is e > such 
that the spectral radius X t of D + e := (a^- + e) satisfies X e < 1. Now the Perron- Frobenius 
Theorem assures that X e is also an eigenvalue (called the leading eigenvalue) and it has a 
strictly positive eigenvector v > 0. So Dv < (D + e)v = X e v < v . □ 

Note that it follows that A is also an eigenvalue of D (called the leading eigenvalue). 
Lemma I A. II actually gives an equivalent definition of the eigenvalues. 

Corollary A. 2. Let X(D) be the leading eigenvalue of a non-negative square matrix D. Then 

X(D) = inf{A| 3 v > such that Dv < Xv}. 

Corollary A. 3. Assume that A and B are non-negative n x n matrix with A < B (i.e. each 
entry of A is less than or equal to the corresponding entry of B), then X(A) < X(B). 
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Proof. From Lemma lA.ll we see that for any Ao > X(B), there is a vector v > so that 
Aq 1 ^^ < v. Thus Aq 1 ^ < Xq 1 Bv < v. Again by Lemma \A.1\ we have X(A) < Ao for any 
constant A > X(B). So X(A) < X(B). □ 
Let A be an n x n matrix with a block decomposition 

( B\i ■ ■ ■ B lk \ 
\ B k i ■ ■ ■ B kk J 

where By is an x rij matrix (in particular each Ba is a square matrix). We say that the 
block decomposition is projected if for each By, there is a number by such that the summation 
of each column of Bij is equal to by. 

This property could be understood as the following: An n x n matrix can be considered 
as a linear map of W 1 defined by the left action: 







( * \ 




^ A 




V Vn J 







According to the block decomposition of A, there is a corresponding decomposition of the 
index set 7 = {1, • • • , n} by 7 = I\ U • • ■ U I k with #7j = n^. Define a linear projection 

vr : R n -> M fc by 

(7ru)i = ^. 

Lemma A. 4. There is a k x k matrix B such that ir o A = B o 7r z/ and cmZy if i/ie 6/ocA; 
decomposition A = (Bij) is projected. In this case, B = (bij). 

R n 




Proof. Set A = (asp). For any v G R n , 

(vr o Av)i = ^2 XI ( X ^ ] and ^ ° 7r ( ?J )) i = EE • 

If the block decomposition is projected, then for (3 G 7j, X)s6/- °<5/3 = ^ij- Therefore 7r o Ad = 
B o 7r(-y). Conversely, assume that ir o A = B o n. For /3 G 7j, let G M n be a vector whose 
/3-entry is 1 and elsewhere. Then (it o Aep)i = bij, and (B o Trfe^))^ = X^<5e/, a &P- ^° ^ or 
^ Iji Yls^u a S/3 = bij, i.e. the block decomposition is projected. □ 

Theorem A. 5. Assume that A is a non-negative square matrix with a projected block de- 
composition A = (B^). Set B = (by). Then X(A) = X(B). 

Proof. Let v ^ be an eigenvector of A for the leading eigenvalue X(A), i.e. Av = X(A)v. 
Set u = ir(v). Then Bu = ir o Av = ir(X(A)v) = X(A)ir(v) = X(A)u by the above Lemma. 
So X(A) is an eigenvalue of B and hence X(A) < X(B) since the leading eigenvalue is the 
maximum of the eigenvalues. 
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Conversely, let u 7^ be an eigenvector of the transpose B of B for the leading eigenvalue 
X(B) (note that B and B l have same leading eigenvalues), i.e. B t u = X(B)u. Set v = (vp) £ 
M n by vp := Uj for (3 e Ij. Then for <5 E Ij, 

(A t v) s = ^2^2 apsvp = h ii v i = ( B * n )* = K B ) u i = X{B)v s . 
j Peij j 

So X(B) is an eigenvalue of A 1 . Therefore we again have X{B) < X(A). □ 

Corollary A. 6. Let A' be a non-negative square matrix with a block decomposition {BL). 
Assume that for each ij, the summation of each column of B^ is at most by. Set B = 
Then X{A') < X{B). 

Proof. For each ij, we just need to replace one entry of each column of B'- by a larger number 
so that the summation of the column becomes exactly bij. Denote by Bij the modified matrix. 
Set A = (Bij). Then X{A) = X(B) by Theorem [O] and X{A') < X{A) by CorollaryEHl □ 

B Reversing the Grotzsch inequality 

A equipotential 7 in a marked disc (A, a) is a curve mapped onto a round circle under a 
conformal representation (p : (A, a) — > (D, 0). The potential of 7 is defined to be the modulus 
of the annulus between <9A and 7. 

Lemma B.l. Let (Dj,^), i = 1,2 be two disjoint marked hyperbolic discs. Then there is a 
constant C > independent of v\ > 0, V2 > such that, for the annulus A{v\,V2) between 
the equipotential in D\ of potential v\ and the equipotential of D<i of potential V2, we have 

vi + v 2 < mod (^4(^i, V2)) < vi + v 2 + C 

Proof. The left hand side is just the Grotzsch inequality. 

The conformal radius of a marked disc (A, 0) is defined to be the radius r if there is 
a conformal map ip : (A,0) — > (D(0, r),0) with tp'{0) = 1. And the conformal radius of a 
marked disc (A, 00) is defined to be the conformal radius of (7r(A),0) with tt{z) = 1/z. 

Let £ be a Mobius transformation of C with £{z±) = and £(^2) = 00. Any two such 
maps differ by a multiplicative constant. So the product C\ ■ C2 of the conformal radii of 
(£(Z)i),0) and (£(^2), 00) is independent of the choice of £. Denote by Wi the component 
of A{vi, V2Y containing Zi, i = 1,2. By Koebe 1/4-Theorem, £(l4 y i) contains {\z\ < Ciri/4} 
and £(W / 2) contains {\z\ > 4/(C2r2)}, where r{ = e~ Vi . Therefore 

mod {A{ Vl ,v 2 )) < log • ^) = log (^^) = log ^ + 1* + v 2 . D 

C Quasi-conformal extensions 

We state here several results about quasi-conformal maps that have been frequently used in 
the paper. 

Lemma C.l. Let h : C\ — ► C2 be a homeomorphism between two quasi-circles C\ and C2 in 
C. If h can be extended to a quasi-conformal map on an one-side neighborhood of C\, then 
h can be extended to a global quasi-conformal homeomorphism ofC. Moreover the extension 
can be chosen to be a diffeomorphism from C\Ci onto C\C2- 
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Lemma C.2. Let fij C C (i = 1,2) be two open connected domains such that d£li (i = 
1,2) consists of p > disjoint quasi circles (we allow the case p = 0). Let V C £l\ be 
a finite set (may or may not be empty). Let f : £li — ► 0,2 be an orientation preserving 
homeomorphism. If, either p = 0, or f\dtti can be extended to a quasi- conformal map on an 
one-side neighborhood of each curve of dVt\, then there is a quasi- conformal homeomorphism 
in the isotopy class of f modulo dfli U V . 

Lemma C.3. Let h : S 1 -> S 1 be an orientation preserving homeomorphism of the unit 
circle. Assume that h can be extended as a quasi- conformal map f on an inner neighborhood 
B of S 1 (i.e. B D {1 — e < \z\ < 1} for some e > 0), then h is quasi- symmetric. 

Proof. Denote by fi the Beltrami coefficient of /. Denote by B the unit disc. Let v = \i 
on B and v = on B\Z?. By the Measurable Riemann Mapping Theorem, there is a 
quasi-conformal homeomorphism g of B whose Beltrami coefficient is v. Then g\ s i is quasi- 
symmetric. On the other hand, / o g^ 1 is holomorphic on g(B). Therefore / o g~ 1 \gi : 
S 1 — > S 1 is real-analytic, in particular quasi-symmetric. So h = (/ o g^ 1 ) o g\ s i is also 
quasi-symmetric. □ 
Proof of Lemma IC.il Fix i = 1,2. By definition of quasi-circles, there is a quasi-conformal 
homeomorphism of C such that 4>i(Ci) = S . Furthermore <pi can be chosen to be dif- 
feomorphism on C\Cj as follows: Set A = ^ 1 (B). Let ip : A —> B be a conformal map. 
Then 0j o tp -1 : B — > B is a quasi-conformal homeomorphism. Thus its boundary map is 
quasi-symmetric. Let r\ be the Beurling-Ahlfors extension of this boundary map, it is a dif- 
feomorphism of B. Now no^^ is again a diffeomorphism, whose boundary map is (fiils 1 - Set 
h\ = <p2°h°4>i l ■ Then by Lemma [C.3l this h\ is quasi-symmetric, thus has a quasi-conformal 
extension to C. Moreover its extension can be chosen to be a diffeomorphism outside S 1 . 
Thus h = (j)^ 1 ° hi o (pi can be extended to a quasi-conformal homeomorphism of C, and a 
diffeomorphism outside C\. □ 

Proof of Lemma \C.%\ . By Lemma IC. II we can assume that <9f2j are smooth Jordan curves and 
that /laQj is a diffeomorphism. Then one can find a diffeomorphism in its isotopy class rel 



D A lemma about isotopy 

Lemma D.l. Let (Di,ai),i = 1, • ■ ■ k, k > 1 be finitely many marked Jordan discs in S 2 , 
with disjoint closures. Let P be a closed (or empty) set contained in S 2 \\_\Di. Assume 
that hi : S 2 -> S 2 is an orientation preserving homeomorphism, and h : S 2 x [0, 1] — > S 2 is 
continuous, such that 

a ) MpuUA = id 

bl) h{-,t) is a homeomorphism for any t £ [0, 1]; 
12) h(-,0) =id, h(,l) = hi; 

b3) h(x, t) = x for any x G P U IJ{ai} and any t £ [0, 1] . 

For i = 1, • • • , k, set ji = dDi, and let (3i be a Jordan curve disjoint from D{ so that the 
annuli A{ := A(f3i,^i) have mutually disjoint closures and are disjoint from P. Then there is 
a continuous map H : S 2 x [0, 1] — > S 2 such that 
cl) H(-,t) is a homeomorphism for any t G [0, 1]; 
c2) H(-,0) = id, H(, l)=h l oT with T = id outside U A, L ; 
c3) H{x, t) = x for any x G P U |J Di and any t G [0, 1] . 
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Proof. Set ht = h(; t), and E = S 2 \ U(A U AA. 

For each i choose a Jordan curve on in Di bounding a disc DiaA so that aj G D(oti) C A 
and that h t ((3i) n «j = for any i G [0, 1]. 

Define s : S 12 x [0, 1] — ► <S 2 continuous, with each s(-,t) := St a homeomorphism of S 2 , as 
follows: s(-,0) = id. 



s(x, t) 



Set Ct = ht o st- Then £o = id, £t(x) = < 



and £i(x) = /ii o si(x) = < 



x = h 1 1 (x) x G [jD(a.i) 
T (x) x G \JA(ai,(3i) , 

x x G E 



ht l (x) x£\jD(cti) 
interpolation x G \JA(a>i,Pi) . Then s(x, 1) 
x x £ E 

where To is a certain homeomorphism of S 2 that is identity outside \J A(oti, 

x x G |J D(a?i) 

interpolation x G |J A{on, fy) 
h t (x) x G E 

x = h t (x) x £ P C E 
x = h\(x) x G |J D(a.i) 
/iioTo(x) lelJ^K-ft) 
/ii(x) x £ E 

x = hi(x) x £ P C E 

Let now u : S 2 — > S 2 be a homeomorphism such that u(D{) = D(«j), u(cij) = for each 
i and u|s = id. Define then v : S 2 — > S 2 be a homeomorphism such that f|u_D( Qi ) = u ~ 1 anc ^ 

id x ^ |J Aj 



Ct(x) 



/ll o 



H/n(£)u£ = ^- Set (t = v o £ t o u. We have Co 

' x = h\(x) x G |J Z?i 
interpolation x G (J Aj 

i> o /i t (x) x £ E 

x = h\(x) x £ P C E 
Ti(x) 

for a certain homeomorphism Ti of S* 2 with Ti = -id outside U^«- Set finally Ht(x) = Ct ° 

hi x ^ |J Ai 



v o u x £ (J Aj ' 

x = /ii(x) x G [J -Dj 

ti o /ij o T o n(x) x G U Ai 

h\(x) x £ E 

x = hi(x) x £ P C E 



C (x). It has the required properties. In particular H(-, 1) 
h\ o T\ o T2, with T2 = Cq 1 , an d Ti o T2 = id outside (J i Aj 



?) o /ij o Tq o 1; 1 x G (J Aj 



□ 
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